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CHAPTER 1

THE DERIVATIVE AND THE RULES OF DIFFERENTIATION

I.1: LIMITS

The concept of limit is useful in developing some mathematical techniques and
also in analyzing various economic problems in economics.

For example, the rate of interest depends up on the availability of capital in the
economy. But rate of interest can never fall to zero even if the quantity of capital
available in the economy is very large. That shows, there is a minimum limit below
which ‘1’ cannot fall. Let this minimum limit of the rate of interest ‘r" be 5% then, if ‘K’
stands for capital and ‘C’ is a positive constant, we can write the function as

c
r=5+-—
K

If Kis small ‘r’ is large

If Kis large ‘" is small

If K is very large (infinite) ‘t" will never be less than
5%. Therefore the limit ‘r" as ‘K’ increases is 5

[t can be written as

limr=5 or It r=5
K —>«a K->«

A function f(x) is said to approach the limit ‘L’ as ‘X’ approach to ‘a’ if the
difference between f(x) and ‘L’ can be made as small as possible by taking ‘x” sufficiently
nearer to ‘a’.

Jim, 70 =1

Example: Limit x? as “x” approach to 4 is 16.

This can be expressed as

lim x2 = 16

X >4

i.e,, the difference between x2 and 16 can be made as small as possible by taking “x’
sufficiently nearer to 4.

Mathematics for Economic Analysis - 11 Page 5
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Rules of Limits

1. If Kis a constant

lim K=K

X —=>a
2. If'n’ is a positive integer
n n

limx" " =a
X —>a

3. If ‘K’ is a constant
lim K f(x) =K lim f(x)
XxX—->a X —>a

4 lim[fG) + 9GOl =lime o ()  limy 0 g(®)
5. JmIfG0. 9] = lime o f() . limy 0 g(x)

6. lm[fQ)+ gC)] =limy_,q f(x) + limy_, 4 g(x)

if [limy o g(x) #0]

7. limy 4 [f(x)]n = [limy _, 4 f(x)]n

Examples
1. lim 10 =10 [Rule 1]
x —>2
2. | limx% =52 =25 [Rule 2]
X =5
3. | lim5x*=5 limx*=5x2%=5x16 =80 [Rule 3]
X —2 X —>2
4. lim [x3 + 3x] = lim x3 + lim 3x [Rule 4]
X —2 X2 X2
=22+3x2=8+6=14
5. lim [ 1 8)(x = 5)] = lim (x +8) . lim (x — 5) [Rule 5]
xX—>4 xX—>4
xX—>4
=(4+8)@4-5=-12
Mathematics for Economic Analysis - 11 Page 6
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4x2 —5x + 10
61 im — lim 4x2 — 5x + 10 + lim 10x+5 | Kuleol
x—2 10x + 5 x—2 x— 2

_4Xx22-5x2+410 _ 16
10X2+5 25

7. | Iff(x) = (x+2) [Rule 7]

lim [x+2]%=[lim (x+2)]%=@+ 2)2=5%= 25
x >3 X —>3

INDETERMINATE FORM

If the value of the function becomes indeterminate like %, E on substituting the

value of the variables, mere substitution method may not be feasible. In such cases
factorization of the function may remove the difficulties.

For example: lim =—==
x—>3 x—3 3-3 0

. x2-9  x2_32

write a
- x-3
(x+3)(x-3)
XS  +3=6
x—3

[Note (a%2 - b?) = (a + b)(a - b)]

x2 +1

Example2:  lim

o
x—a X2 -1

Here to find the limit value we have to divide the numerator and denominator by

X2
x? 1
o X X7
= lim >
x—>a X 1
x2  xZ
1
1+ =
__ x?
S
22

. 1
'Smce,x—2 —-0 asx—>a

Mathematics for Economic Analysis - 11 Page 7
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Example 3:

Factorizing the function we get

lim St
x—>1 Xx4+2x-3

x-3)(x-1) _(*x-3) _1-3 _—2_-1

(x+3)(x—-1)
Problems:
. 2_3x+42
1. Find lim S
x—>2 X4=5x+6
) 2_1
2. Find lim Z
x—>1 x—1
2_
3. Find r°
r—2 2r°+6
. . 5x2 + 8x
4. Find lim ——
x—0 X
. . 10x2+5x
5. Find lim —
x—>a 5x
. 2_x-30
6. Find lim S5———
X6 x2—4x—-12
2_
7. Find lim 2%
x - adx“-21
1.2 CONTINUITY

143 4

[ Ans: -1]

[Ans:

[Ans:

[Ans:

[Ans:

[Ans:

[Ans:

2]

-1
22

8]

2]

A function is said to be continuous in a particular region if it has determinate
value (or finite quantity) for every value of the variable in that region. A continuous
function is one which has no breaks in its curve. It can be drawn without lifting the
pencil from the paper.

Mathematics for Economic Analysis - 11
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Conditions for continuity

1. f(x) is defined ie exists at x = a

2. lim f(x) exists
X—>a

3. lim f(x) = f(a)

Y Y
f
™ g
Fig 1.1 (a) X 0 (b) X
Graph of continuous function Fig 1.2 Graph of discontinuous function

If the conditions for continuity are not satisfied for any value of x, f(x) is said to be

discontinuous for that value of “x’.
! - _
1. Example:  1ff(x) = — and xll_r)naf(x) = —
If x —> 2, f(x) does not have a finite value

-.f(x) is continuous for any value of ‘a’ except 2 and f(x) is not continuous ata = 2.

Problems:
Indicate whether the following function is continuous at the specific points.
1. f(x)=5x2-8x+9atx=3
£(3) =5(3)2-8(3) +9=45-24+9=30

lim5(x)2- 8x + 9 =5(3)2-8(3) + 9 = 45-24 + 9 = 30

x—>3

Mathematics for Economic Analysis - 11 Page 9
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lim £(x) =30 = £(3)

- f(x) is continuous at x = 3.

2. f(x) = —atx=3
3-3 0
f(3) = 32_9 = 6

i.e., function is not defined at x = 3

So cannot be continuous at x = 3 even though the limit value exist at x =3

y x—=3 I x—3
xosxZ2—9 0% (x+3)(x—-3)

. 1 1
= lim —=-
x—>3 Xx+3 6

lim f(0) = =#£(3)
. f(x) is discontinuous at x = 3.

x%+3x—4

3. Check for continuity of function at x =1 when f(x) = o

[Ans: Not continuous]|
4. Check whether the function x? + 3x - 2 is continuous for x =2

[Ans: Continuous]

1.3 THE SLOPE OF A CURVI LINEAR FUNCTION

The slope of a curvilinear function is differ from point to point; i.e., the slope of
each point is different. The slope at a given point is measured by the slope of a line
tangent to the function at that point. So in order to measure the slope of a curvilinear

function at different points we requires separate tangent lines.

Mathematics for Economic Analysis - 11 Page 10
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Y y Secant line S
Tangent line _
flx ; - Y + %)
X1 AX Xo= x1 + Ax
Fig 1.3 X| Fig 1.4

The slope of a tangent line is derived from the slopes of a family of secant lines
(secant line ‘S’ is a straight line that intersects a curve at two points.)

Slope S = Yo=Y

*27%1
Here x2 = x1 + Ax, and y2 = f(x1 + Ax) and y1 = f(x1)
We can express the slope ‘S as

f(xq + Ax)— f(xq)
X1+ AX—xq

Slope S =

_ f(xq + Ax)— f(x49)
a AX

If the distance between x» and xi is made smaller and smaller ie. if Ax — 0, the
secant line pivots back to the left and draws progressively closer to the tangent line. If
the slope of the secant line approaches a limit as Ax — 0, the limit is the slope of the

tangent line T, which is also the slope of the function at that point.

Slop T= lim G + A%~ f(xy)
AX — 0 Ax
Example: Find the slope of a curvilinear function, such as f(x) =4x2

Ans.

Slop T= lim Gata0-fCy)
AX— 0 Ax

Substituting the function we get

Mathematics for Economic Analysis - 11 Page 11
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4(x + Ax)2— 4x2

Slope T= lim
AX —> 0 Ax
. 4[x2+2xAx+(AX) 2] - 4x2 .
= lim [x_+2xAxt (Ax)7] - 4% [(x + Ax)Zisin the (a + b)2 form]
AX —> 0 Ax
. 4x2+8xXAX+4(AX)2 — 4x2
= lim
AX -0 AX
. 8xAX+4AX 2
= lim ————
Ax -0 Ax

Dividing through out by Ax we get
Slope T = lim 8x + 4Ax
AX—>0
. Slope = 8x

1.4 THE DERIVATIVE

The derivative of a function at a chosen input value is the best linear
approximation of the function near that input value. For a real valued function of a
single real variable, the derivative at a point equals the slope of the tangent line to the
graph of the function at that point.

Given the function y = f(x), the derivative of f(x) with respect to x is the function
f'(x) and is defined as

f'(x) = lim T4 297109 Here £ (x) is the derivative of ‘f” with respect to “x.
AX— 0 Ax

Example:

Find the derivative of the following function using the definition of the
derivative f(x) = 4x2 + 10x + 25.

Solution: The definition of derivative is

¢ (X) = lim f(x + Ax) - f(x)
X

AX—0 Ax

Plugging the given function into the definitions of derivative we get

Mathematics for Economic Analysis - 11 Page 12
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. 4(x + Ax)? + 10(x + Ax) + 25 — (4x? + 10x + 25)
AY50 Ax

. 4(x? 4+ 2xAx + (Ax)?) + 10x + 10Ax + 25 — 4x% + 10x + 25
im
Ax—0 Ax

i 4x? + 8xAx + 4(Ax)? + 10x + 10Ax + 25 — 4x2 + 10x + 25
im
Ax—0 Ax

8xAx + 4(Ax)? + 10Ax
M0 Ax

dividing throughout by Ax we get

So the derivative f'(x) = 8x +10

1.5 DIFFERENTIABILITY AND CONTINUITY

A function is ‘differentiable” at a point if the derivative exists at that point.
Conditions for differentiability at a point are :-

(@) A function must be continuous at that point.

(b) A function must have a unique tangent at that point.

f(x)

fig.1.5

In the fig.1.5 f(x) is not differentiable at ‘a’ because gap exist in the function at that
point, and the derivative cannot be taken at any point where the function is
discontinuous.

Mathematics for Economic Analysis - 11 Page 13
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Continuity alone does not ensure differentiability. In the above figure f(x) is
continuous at ‘b’, but it is not differentiable at ‘b” because at a sharp point or kink (cusp)
an infinite number of tangent lines line such as pp, gq, rr in the figure can be drawn.
There is no one unique tangent line for that sharp point or kink.

1.6 DERIVATIVE NOTATION

The derivative of a function can be written in many ways.

If y = f(x), its derivative can be expressed as f'(x), v/, Z—z, %, i f(x) or D [f(x)]

Example:- If y = 10x? + 5x - 15, the derivative can be written as
! d d 2 2
y',— —10x°+ 5x - 15 or D,[10x*+ 5x -15]
dx dx

1.7 RULES OF DIFFERENTIATION

Rule No. 1 : The constant Functions Rule

The derivative of a constant function is zero.

If y = Kwhere ‘K’ is constant

Thend—y=i(K)= 0
dx dx
ExIfy=10 =g
dx

The derivative of the product of a constant and a function is equal to the product
of the constant and the derivative of the function.

If y = ax™ where ‘a’ is constant and a #0

dy _d d
—=—ax" =a—x"
dx dx dx

Rule No. 2: The Linear Function Rule

If y = mx + c where ‘m” and ‘c” are constant

y _a ., _2 -
Then ol A (mx+c)=m
Example

d
If y = 10x + 100 find =~
dx

2 =10
dx

Mathematics for Economic Analysis - 11 Page 14



School of Distance Education

Rule No. 3: The Power Function Rule

The derivative of a power function y = f(x) = x"where ‘n’ is any real number is nx" !

. d _
ielfy=x" 2 =pxn-1
dx

Examples
(1) y =x% <2=5x5"1=5x*
(@) y=x~* L= gyt = gy5="t
@ y=x"s, =57y =557

4) y= x "/, % =_5/2 x>/t =_5/2x_7/2

Rule No. 4: Addition Rule of Sum Rule

The derivative of a sum of two function is simply equal to the sum of the separate
derivatives.

If u =f(x) and v = g(x) are the two functions

d

then ;—x(u +v) = 3—z+ ﬁ (Derivative the first function + Derivative of second)

Ex. 1:
If y=x3+6x2-5x + 10

d d d d d
=2 3+ Z6x2 — =5x +—10
dx dx dx dx dx

d d d
=3x%+ 6—x%- s—x+—10

dx dx dx

=3x%2+12x -5

Ex.2
If y = 10x° + 3x*+4x~% +10x?+5find 2

% = 60x5+ 12x3- 12x~*+ 20x

Mathematics for Economic Analysis - 11 Page 15
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Rule No.5: Subtraction Rule

The derivative of a difference of two functions is equal to the difference of the separate
derivates.

If y=u -vthen

dy _du d
d—z = d—l; - d—z (ie derivative of the first function - minus the derivative of the second
function)
Ex.1
If y = x°- 4x3- 6x2+10
L4549 x3_ 6L y2+ L0
dx dx dx dx dx
= 5x*- 12x2%-12x
Ex. 2
If Q = 20P3- 2P*- 4P - 50 find 7
0L p3.2lprylp. s
ap apr apr dP-  dp

= 60P2 - 8P% - 4

Rule No. 6: Product Rule or Multiplication Rule

The derivative of the product of two functions is equal to the first function
multiplied by the derivative of the second function plus the second function multiplied
by the derivative of the first function.

If u = f(x) and v = g(x) are the two given function

Then

d d d
Zuv) = u= + =
dx dx dx

Ex.1
_ 4 _ . dy
If y = 3x*(2x — 5) find —=

Solution : Consider u =3x*, v = (2x - 5)

dv_

du
—=12x3,
dx dx

Mathematics for Economic Analysis - 11 Page 16
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dy_
== (3x* x 2) + (2x-5)x 12x°

= 6x*+ 24x*- 60x3

= 30x%*- 60x3
Ex.2
Find Z—y ify=(*+x3) (x*+x)
dy_ v du
dx udx “dx

= [(x* + x3) + 2x +1) + (x?+x) (4x3+3x2)]
= 2x5+ x*+2x*+ x3+4x5+ 3xt+ 4xt+ 3x3

= 6x5- 10x* + 4x3

Rule No. 7: Quotient Rule or Division Rule

The derivative of the quotient of two functions is equal to the denominator multiplied by
the derivative of the numerator minus the numerator multiplied by the derivative of the
denominator, all divided by the square of the Denominator.

Ify= %where u = f(x) and v = g(x) then
du dv

ay _ Vax Yax
dx v2

Ex. 1.
Given f(x) =

5x3

. d
find &
4x+3 dx

here u =5x3 Z_” = 15x2
X

v=4x+3 dv_
dx

dy  (4x+3)x15x%2—5x3x4
dx (4x+3)2

60x3+45x2—20x3 _ 40x3 + 45x>
(4x+3)2 (4x + 3)?

Ex.2.
X

6
If y = find &

Mathematics for Economic Analysis - 11 Page 17



School of Distance Education

3 dv

x3x6x°—x0%x3x2
(x3)?

_6x8-3x%  3x%

x6 x6

Rule No. 8: Chain Rule or Function of Function Rule

If ‘y is the function of “u” where ‘v’ is the function of “x’,then the derivative of ‘y/’

with respect to “x’ Die is equal to the product of the derivative of ‘y" with respect to “u’
dx

and the derivative of ‘u” with respect to “x’.
ie. If y = f(u), where u = f(x)
then L (d—y) (d—u)
dx du/ \dx
Ex. 1
If y = 7u + 3 and u = 5x2 find &
dx

dy _ (dy) (du)
dx du dx
d

ay _.
du

dy
, Ele
o2 = 7x10x = 70x
dx
Ex.2
d
If y = (5x% + 3)* find é using the chain rule
Letu=5x*+3
sy = ut

dy _dy x du
dx du dx

Mathematics for Economic Analysis - 11
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d du
2= 3 —=10x
du dx

2= 43 X 10x
Substituting for 5x% + 3 ‘u’ we get
4(5x% + 3)% x 10x
2 = 40x(5x% + 3)°
Problem 1. If y =z + 10 and z = x7 find Z—z

[Ans : 21x2°]
Problem 2. Find % If y = (x3 + 3x)?

[Ans: 6x°+ 24x3+18x]
Rule No.9: Parametric Function Rule

If both “x” and “y" are the differential function of ‘t’ then the derivative of y" with
respect to “x” is obtained by dividing the derivative of ‘y’ with respect to ‘t’ by the
derivative of ‘x” with respect to ‘t". ie. If x = f(x) and y = g() then

d d at d dx
Y — yx_=_y+_

dx dt dx dt dt

Examples
Find 2 if x = at* and y =4at
dx

d dx
oAy — =4aqat?
dt

dy 4a _

dx 4at3 t3

Rule No. 10: Exponential Function Rule

The derivative of Exponential function is the exponential itself, if the base of the function
is ‘¢’, the natural base of an exponential.

If y = e*, then W ox
dx
=p X d_yz —p X
If y =e™, then - €

If y = e, then Z—z= ae®*

Mathematics for Economic Analysis - 11 Page 19
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Examples
d
1. Ify=e*find =
dx

dy
dx

= 2e%X

If y =e*, where u = g(x), then
4y _d g du_ gy du
dx dx e dx dx
Examples
Ex.1

. L4y
Find = if y=eX+3
dx

Let u =x? + 3, then Z—Z= 2x
Ly = et
d
& _eu (du)= e X2x
dx dx

2 .
=2x X e*"*3  sinceu=x%*+2

. dy . 3 2
Fll’ld—y lf]/= x>+ 6x%+10
dx

[Ans : (e**°+6x*+10) (12x2+12x)

Rule No.11. Logarithmic Function Rule

The derivative of a logarithmic function with natural base suchasy = log x is

ay_ d (logx) _1
dx dx x

If y = log u, when u = g(x), then

dy dy du
dx du dx

Mathematics for Economic Analysis - 11 Page 20
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_d(logu) du 1 du
du dx u dx

d
Ex. If y = log x3 find é
d
Letu=x3 then & 3x2
dx
Y =logu sincex3=u
dy 1

—.3%2
dx u

1 .
= = 3x2 since u = x°

X
_3x? 3
x3 x

Rule No. 12: Differentiation of One function with respect to another Function

Let f(x) and g(x) be two functions of “x” then derivative of f(x) with respect to g(x)
is

df(x) _df(x) . dg@x)
dglx) dx T odx

(ie differentiate both function and divide)
Examples.

1. Differentiate (x2 + 1) with respect to( 2x-1)
d .2 -
™ x*+ 1) =2x

d
a(xz— 1) =2x

Laf(x) _2x _
”dg(x)_Zx_

2. Differentiate (3x? + 2x) with respect to (x? + 5x)
d
= (3x* 4 2x) =6x+2
L (x? + 5%) =2x+5
™ (x X) =2x

dfx) _dfx) . dg)
dglx) dx T odx

_6x+2
2x+5
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4x+2

, 4x+2
with respect to

3. Differentiate

xX—2
. du _ [(x=2)(4+0)—(4x+2)(1-0)]
Tdx (x—2)2
_ 4x—8—4x—2
(x—2)2
_ -10
(x—2)2
_ 3x+2
Letu x—2
du _ [(x=2)x3-(3x+2)x1]
dx (x—2)2
_ 3x—6-3x—2
(x—2)2
_—8
(x-2)2
au _au dv
dx dx  dx
__-10 . -8
(x-2)2 = (x-2)2
_-10 _10
-8 8

Rule No. 13. Inverse Function Rule

dx
The derivative of the inverse function (ie o )is equal to the reciprocal of the

. . .. . . 1
derivative of the original function ie W
dx

. dx 1

le —=
d

dy y/ dx

Examples:
. dx .
1. Find the o of the function y = x>

dy

= Byd
Ix 5x
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2. Find the derivative of the inverse function

y o =(er)(ery

dy

i = (x2+ 2)(2x) + (x2 + 4)(2x)
=2x3 + 4x + 2x3 + 8x
=4x3 + 12x

dy __ 1

dx 4x3 + 12x

1.8 HIGHER ORDER DERIVATIVES (DERIVATIVES OF DERIVATIVES)
d '
The first order derivatives of ‘y’ with respect to x’ isd—z or f (x), then second

order derivative is obtained by differentiating the first order derivatives with respect to
x” and is writer as

2
a’y _a (d_y) and is denoted as f " (x)

dx?  dx \dx

It measures the slope and the rate of change of the first derivative, just as the first
derivative measures the slope and the rate of change of the original or primitive function.
The third order derivative f” (x) measures the slope and the rate of change of the second

order derivative etc.

Ex. If f(x) = 5x* + 4x3 + 3x2 + 10x

f(x) =20x3 +12x2+ 6x + 10

f'(x) |=60x2+24x+6

F"(x) | =120x + 24

f*(x) |120
fo) |0
Problems
1. Ify=>5x2+3x2-8x+2find % [Ans: 30]
2. Ify=x4+x2-xfind f'(x) and f" (x) [Ans: f'(x)=12x2 +2, " (x)= 24x]
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1.9 IMPLICIT DIFFERENTIATION

An equation y = 10x2+5x+2 directly expresses ‘y’ in terms of ‘x’. Hence this
function is called “Explicit Function’.

As equation x3y + xy + 2x = 0 does not directly express ‘y” in terms of “x’. This
types of function is called ‘Implicit Function’. Some implicit functions can be easily
converted to explicit function by solving for the dependent variable in terms of the
independent variable, others cannot. For those not readily convertible, the derivative
may be found by implicit differentiation.

In order to find the derivative of implicit function every term in both sides of the
function is to be differentiated with respect to “x’.

Examples:

1. Find Z—Z of the following 3x-2y = 4

d d d
—a?)x —d—Zy—a(él-)
—3.2% .

dx
d
=Y _ 3
dx

d -3
2 == =3/2=15

dx -2 —

2. Find the derivative of 4x2- y3 =97

Take the derivative with respect to ‘x” of both sides

d d d
—4x* - —yP =—097
dx dx dx

d d

L oax=8x, Z97=0
dx dx
a 3 =3 v2 a
dx y Y dx (y)

dy

= 2L

3Y dx

~ The derivative of the function is

8x - 3y? (2—’;) =0

- 3y2z—3; = -8x
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—30x5
]

3. Find the derivative of the function 3y® - 6y* + 5x° = 243 [Ans: ———
15y%—24y3

USE OF THE DERIVATIVE IN MATHEMATICS AND ECONOMICS
1.10 INCREASING AND DECREASING FUNCTIONS

A function is and increasing function if the value of the function increases with an
increase in the value of the independent variable and decrease with a decrease in the

value of the independent variable.
For a function y f(x)
When x1 < x2 then f(x1) <f(x2) the function is increasing
When x1 < x2 then f(x1) < f(x2) the function is strictly increasing

A function is a decreasing function if the value of the function increases with a fall
in the value of independent variable and decrease with an increase in the value of

independent variable.
For a function y = f(x)
When x1 < x2 then f(x1) = f(x2) the function is decreasing
When x1 < x2 then f(x1) > f(x2) the function is strictly decreasing

The derivative of a function can be applied to check whether given function is an

increasing function or decreasing function in a given interval.

If the sign of the first derivative is positive, it means that the value of the function

f(x) increase as the value of independent variable increases and vice versa.

i.e. a function y = f(x) differentiable in the interval [a, b] is said to be an increasing

function if and only if its derivatives an [a, b] is non negative.
. ady . .
le —— > (0 in the interval [a, b]

A function y = f(x) differentiable in the interval [a, b] is said to be a decreasing

function if and only if its derivative an [a, b] is non positive.
. 4dy : .
le —— <0 in the interval [a, b]

The derivative of a curve at a point also measures the slope of the tangent to the

curve at that point. If the derivative is positive, then it means that the tangent has a
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positive slope and the function (curve) increases as the value of the independent variable

increase. Similar interpretation is given to the to the decreasing function and negative

slope of the tangent.
A function that increases or decreases over its entire domain is called monotonic
function.
A
A .
Y| Fig. 16 Y| Fsl7
9) Ia X " O b X

Increasing function at x = a slope >0  Decreasing function at x = b slope < 0

Example:1 Check whether the function 3x3+ 3x2 + x - 10 is increasing or decreasing
- d .3 2
Solution: o 3x> + 3x* + x- 10

=9x2+ 6x + 1 = (3x+1)2

The function is always positive because (3x+1)? is positive since square of a real
number is always positive. Therefore the function is increasing.

Example:2 Test whether the following functions are increasing, decreasing or
stationary state at x =4

(@) 2x2-5x+10 [Ans: Increasing}
(b) X3 -10x2+2x +5 [Ans: Decreasing]
() Y=x4-6x3+4x2-13 [Ans: Stationary]
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1.11 CONCAVITY AND CONVEXITY

Convex Function

A function is convex at x = a if in an area very close to [a, f(a)] the graph of the
function lies completely above its tangent line.

i.e. if second derivative of a function f(x) is positive i.e. f '(x) > 0, the function is

said to be a convex function in the given interval.
f"(a) > 0 f(x) is convex at x = a.

Graphs of the function convex at x = a

Y Fig. 1.9

v

»
»

O a X O a X
f(@>0,f (@)>0 f'@<0,f'(@>0

Concave Function

A function f(x) is concave at x = a if in some small region close to the point [a, f(a)]

the graph of the function lies completely below its tangent line.

i.e. if the second derivative of a function f(x) is negative i.e. f "(x) < 0, then the

function is said t be a concave function in the given interval.
f"(x) <0, f(x) is concave at x = a.

Graph of the function concave at x = a
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A
A
N Y
0 a X 0 a X
Fig. 1.10 Fig. 1.11
f(@>0,f"(a)<0 f(@<0,f"(a)<0
Example: 1

Show that the curve of y = 2x - 3 +1/, convex from below for all positive values of

X.
Solution:
Y =2x-3+ 1/x
dy =2_1 / 5
dx *
d? y = 2 /x3
dx?
. d*y . .
Since —= =4/ 3> 0 for x > 0 the curve is convex from below for all positive
dx? X
values of x.
Example: 2
10
Show that the demand curve P = Geas) 8 is downward sloping and convex from
below
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dp _ -10

dx  (x+5)2

a
Since d_z (slope) is negative the demand curve is downward sloping.

d?p 20

dx2  (x+5)3

is positive, the demand curve is convex from below.

Example:3
Test to see if the following functions are concave or convex at x = 3
(@) Y=-2x3+4x2+9x - 15 [Ans: Concave]
(b) Y = (5x2-8)2 [Ans: Convex]

1.12 RELATIVE EXTREMA

A relative extremum is a point at which a function is at a relative maximum or
minimum. To be at a relative maximum or minimum at a point ‘a’, the function must be
at a relative “plateau’, i.e. neither increasing nor decreasing at ‘a’. If the function is
neither increasing nor decreasing at ‘a’, the first derivative of the function at a must equal
to zero or be undefined. A point in the domain of a function where the derivative equals

zero is called critical point of critical value.

The second derivative is used to distinguish between relative maximum and

minimum mathematically.

If we assume f '(a) =0

(a) f"(a)> 0 shows function is convex, graphs of function lies completely above its

tangent line at x = a and the function is at a relative minimum at x = a.

(b) f'(a) < 0 shows function is concave, graphs of function lies completely below its

tangent line at x = a and the function is at a relative maximum at x = a.

(¢) f'(a) = 0, the test is inconclusive.
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»
»

@)

a
Fig. 1.12

X

Relative Minimum at x = a

v

O a X
Fig. 1.13

Relative Maximum at x = a

Ex. 1

Find the relative extrema for the following functions by (a) finding the critical

value (b) determining if at the critical values the function is at a relative maximum or

minimum
(a)

£(x)
f®
X
f
f

(b)

f(x)
f'®

JNE)
f'(5)

=-7x2+126x - 23

=-14x + 126

= 9 critical value

=-14

= -14 < 0 concave, relative minimum

= 3x3 - 36x2+ 135x - 13

=18x-72
=-18<0
=18>0

[Ans: x = 3, x = 5 critical values]

[concave, relative maximum)]

[convex, relative minimum)]
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1.13 INFLECTION POINTS

An inflection point is a point on the graph where the function crosses its tangent

line and changes from concave to convex or vice versa.

Inflective points occurs only where the second derivative equals zero or is

undefined. The sign of the first derivative is immaterial.
Conditions

1. f'(a) =0 or is undefined
2. Concavity changes atx =a

3. Graph crosses its tangent line at x =a

a a a
e f'@ =0 f'@ <0 f'@ >0
f@ =0 f'@ =0 F'@@)=0 F'(@=0
ff@=0
Example:

For the following function find the critical values and test to see it at the critical

values the function is at a relative maximum, minimum or possible inflection point.
Ify =06=x)
y'  =35x)2x-1=-3(5-x)2=0

X =5 critical value.
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"

y =6(5-x)
y " (5) = 6(5 - 5) = 0 test inconclusive

Since the second derivative is zero the function is at an inflection point at x = 5 not

relative maximum or minimum.
1.14 CURVE SKETCHING

Whether we are interested in function as a purely mathematical object or in
connection with some application to the real world; it is often useful to know what the
graphs of the function looks like. We can obtain a good picture of the graph using certain
crucial information provided by derivatives of the function and certain limits. Curve
sketching is a practical application of differential calculus. We can make a fairly accurate
sketch of any function using derivatives.

By using the first and second derivatives we can determine whether a function is
maxima or minima at a particular value of ‘x” the concavity of the function, the point of

inflection etc.

The General guide lines for curve Sketching

The following steps are helpful when sketching curves. Since they are the general

guidelines for all curve, each step may not always apply to all functions.

(@) Domain: Find the domain of the function. This will be useful when finding

vertical asymptotes and determining critical numbers.

(b) Intercepts: Find the “x” and ‘y’ intercepts of the function if possible. To find the ‘x’

intercept, we set y = 0 and solve the equation for x. Similarly for ‘y’.

(c) Symmetry: Determine whether the function is an odd function, an even function
or neither odd nor even. If f(-x) = f(x) for all “x” in the domain, then function is
even and symmetric about the ‘y” axis. If f(x) = -f(x) for all ‘X" in the domain, then

the function is odd and symmetric about the origin.

(d) Asymptotes:  For vertical asymptotes, check for rational functions zero
denominators, or undefined by function points. For horizontal asymptotes,

consider lim,_, 4 f(x)

(e) Determine critical numbers: Checking where f '(x) = 0 or f '(x) does not exist

and finding intervals where ‘f’ is increasing or decreasing.

(f) Local Maximum/Minimum:  Use the first derivative test to find the local

maximums and minimums of the function.
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(g) Concavity and points of Inflection: Determine when f "(x) is positive and

negative to find the intervals where the function is concave upward and concave
downward and also determine inflection point checking where f "(x) = 0 or

f"'(x) does not exist.

(h) Plot intercepts, critical points, inflection points, asymptotes, and other points as
needed.

(i) Connect plotted points with smooth curve.
1.15 OPTIMIZATION OF FUNCTION

Optimization is the process of finding the relative maximum or minimum of a
function. Without the help of graph, this is done with the techniques of relative extrema
and inflection points.

Steps

(1) Take the first derivative, set it equal to zero, and solve for the critical points. This
step is known as necessary condition or first order conditions. It shows the

function is neither increasing no decreasing; but at a plateau at that level of “x’.

(2) Take the second derivative, evaluate it at the critical point and check the signs. If
at a critical point ‘a’.

f "(a) <0, the function is concave at ‘a’ and hence at a relative maximum.
f "(a) >0, the function is convex at ‘a” and hence at a relative minimum.

f "(a) =0, the test is inconclusive.

This test is known as second order condition or sufficient condition.

Relative Maximum Relative Minimum
fl@ =0 f'@ =0
f'(@ <0 f'(@ >0

Example: Optimize f(x) = 2x3 - 30x2 + 126x + 59
f'(x) =6x2-60x+126

Critical points is at 6x? - 60x + 126 =0

=6(x-3)(x-7) =0
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X=3,x=7
f'(x) =12x-60
f'(3) =12x3-60 =-24 <0 concave, relative maximum
f "(7) =12x7 - 60 =24 > 0 convex, relative minimum.
i.e. the function is maximum at x = 3 and minimum at x =7

Successive Derivative Test for Optimization

If f (@) =0 as in the case of point of inflection of different type, the second
derivative test is inconclusive. In such cases without a graph, the successive derivative
test is helpful for obtaining optimum value.

Conditions

(1) If the first non zero value of a higher ordered derivative, when evaluated at a
critical point, is an odd numbered derivative (34, 5t etc.), the function is at an

inflection point.

(2) If the first non zero value of a higher ordered derivative, when evaluated at a
critical point ‘a” is an even numbered derivative, the function is at a relative

extremum at ‘a’.

Marginal Concepts

Marginal cost in economics is defined as the change in total cost incurred from the
production of an additional unit.

Marginal revenue is defined as the change in total revenue brought about by the
sale of an extra good. Marginal Cost (MC), Marginal Revenue (MR) can each be
expressed mathematically as derivatives of their respective total functions.

arc

ie. If TC=TC (Q); then MC = a0

dTR

If TR =TR (Q); then MR = E

Examples: 1
If TC=25Q2+7Q +10
arc
ThenMC=%=50Q+ 7
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If TR =50Q - 2Q2

dTR
Then MR = ——=50 - 4Q
aeQ

Ex. 2

Given the demand function P = 50 - 5Q, then the marginal revenue function can
be found by first finding the total revenue function and then taking the derivative of the
function with respect to Q.

Demand function P = 50 - 5Q
TR=PxQ=(50-5Q)Q

=50Q - 5Q?2
dTR
MR=E=50—1OQ

Ex.3

Find maximum profits ‘i’ for a firm, given total revenue R = 4000Q - 33Q? and
total cost function C = 2Q3 - 3Q2 + 400Q + 5000, assuming Q > 0.

Profit function: m=R - C
IT= (4000Q - 33Q?)- (2Q3 - 3QQ2 + 400Q + 5000)
=-2(93 - 3002 + 3600Q - 5000

Taking the first derivative, set it equal to zero, and solving this for Q we get
critical points.

n =-6Q2-60Q +3600=0
= -6(Q2 +10Q + 600) = 0
=-6(Q+30)(Q-20)=0

Q =-30 Q=20 critical points

[We can also use Quadratic formula]

Taking the second derivative we get
n' =-12Q - 60
n" (20) = -12(20) - 60 = -300 < 0

[Taking Q = 20 ignoring negative value]
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The function is concave and relative maximum. It means profit is maximum at Q = 20
When Q=20 the profit 11 is

11(20) = 2(20)3 - 30(20)2 + 3600(20) - 5000 = 39000

Ex. 4

Maximize the following total revenue TR function by finding the critical values,
testing the second order conditions and calculating the maximum TR If TR = 32Q - Q?

TR =32Q - Q2

TR =32-2Q

Setting TR =0,32-2Q=0

32=2Q ~ Q32/2 =16 critical value

TR" = -2 < 0 concave, relative maximum

TR when Q =16 is 32(16) - 162 = 256
Ex.5

Given the total revenue R = 15Q - Q? find the Average Revenue (AR), Marginal
Revenue (MR) and the level of output Q that maximizes Total Revenue (TR).
TR=R=15Q - Q2
TR 15Q-Q%

AR =— 15 -
Q Q —

. dR
MR=TR =—=15-20Q
aq

Setting TR'=MR =0 we get 15-2Q =0
~15=2Qand Q =7.5_critical value.
TR" = -2 < 0 concave, relative maximum.
TRwhenQ=75is
15(7.5) - (7.5)?
=112.5 - 56.25 = 56.25

The output that maximize TR=7.5

AR when Q=7.5is 15-7.5=7.5
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MR when Q=7.5 is 15-2(7.5)=15-15=0
Ex. 6.

From the total cost function TC = Q3 - 5Q2 + 60Q find (1) the average cost AC

function (2) the critical value at which AC is minimized and (3) the minimum average
cost.

TC=0Q3-5Q2+ 60Q

TC Q3-5Q%4+60Q

(1) AC= " ==——— = @-5Q+60

(2) AC is minimum at
AC=2Q-5=0, ~Q=25
AC'= 2 > 0 convex, relative minimum

(3) AC (2.5) = (2.5)2 - 5(2.5) + 60 = 53.75

Ex. 7:

A firm has the following total cost, C and demand function Q
C=1/3Q*-7Q2+111Q+50and P=100-Q

(1) Write down the total revenue function R in terms of Q
(2) Formulate the total profit function
(1) Price function P =100 - Q
Revenue =P x Q
The revenue function is R = PQ = 100Q - Q2
(2) Profit function is TR - TC functions
= (100Q - Q?) - (1/3 Q3 -7Q2 + 111Q + 50)
IT =-1/3Q%+60Q2-Q -50

Ex. 8.

A producer has the possibility of discriminating between the domestic and foreign
markets for a product where the demands functions are

Q1=24-0.2P Q>=10-0.05P;
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Where TC = 35 + 40Q, what price will be firm charge (a) with discrimination and

(b) without discrimination.
(a) With discrimination
Q1=24-02P;
(Multiply with 5 to get 1P1)
5Q1=120-P;
=~ P1=120 - 5
TR1 = (120 - 5Q1)Q1 = 120Q1 -5 Q12
MR;: =120 - 1001
The firm will maximize profit where MC = MR; = MRz

TC=35+40Q
MC = 40

When MC = MRy, 40 = 120 - 10 Q;, 2 Q=8
When Q; =8, P; =120 - 5(8) = 80

In the second market with Q> =10 - 0.05P2
Multiplying with 20 on both sides
20 Q2 =200 - P2
~ P2=200-20 Q2
TRz = (200 - 20 Q2) Q2 = 200 Q2 - 20 Q22
MR: =200 - 40 Q2
When MC = MRy, 40 =200-40 Q2
wQu=4
P> =200 - 20(4) =120
Hence P1 =80,P>, =120, Q;=38, Q=4

(b) If the producer does not discriminate, P; = P> = P and two demand function can be

combines as follows.
Q=0Q1+Q=24-02P+10-0.05P
=34 - 0.25P

Mathematics for Economic Analysis - 11 Page 38



School of Distance Education

P =136 -4Q
TR = (136 - 4Q)Q = 136Q - 4Q)?
MR =136 - 82

At profit maximizing level MC = MR
40 =136 - 8Q
Q=12

AtQ=12 P=136-4(12) =88
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CHAPTER 2

CALCULUS AND MULTIVARIABLE FUNCTIONS
2.1 FUNCTIONS OF SEVERAL VARIABLES

It is evident that all sciences are concerned with large number of inter-related
variable quantities and that only by a process of severe simplification can functional
relations between two variables be applied at all. For example, in economics, when one
individual considers his purchases on a market, the demand for any good depends, not
only on the price of the good, but also on his money income and on the prices of related
goods.

To measure the effect of a change in a single independent variable on the
dependent variable in a multivariable function, the partial derivative is needed. In a
function Z = f(x, y), the two variables x and y can be varied in any way quite
independently of each other. In particular, one of the variables can be allotted a fixed
value and the other allowed to vary. Two functions can be obtained in this way, Z as a
function of x only (y fixed) and z as a function of y only (x fixed). The derivative of each
of these functions can be defined at any point and evaluated according to the familiar
“partial derivatives” of the function Z = {(x, y), the term “partial” implying that they are
defined only for very special variations of the independent variables. One partial
derivative follows when x is varied and y kept constant, the other when y is varied and x
kept constant.

The partial derivative of z with respect to x measures the instantaneous rate of
. . . . . dz of
change of z with respect to x while y is held constant. It is written as 7 9 fx (x, y), fx or

zx. Expressed mathematically,

flx+Ax, ¥)— f(xy)
Ax

dz _ .
ax limpy o
The partial derivative of z with respect to y measures the instantaneous rate of
change of z with respect to y while x is held constant. Expressed mathematically,

fx, y+Ay)—f(xy)
Ay

Y hmAy—>0

Example 1:

Given Z = f(x, y) = 3x2+xy+4y?2. Find the partial derivatives.
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. q- 0 . . .
When finding £ (or fx), we must bear in mind that y is to be treated as a constant

during differentiation. As such, y will drop out in the process if it is an additive constant

(such as the term 4y?), but will be retained if it is a multiplicative constant (such as in
term xy). Thus we have

Example 2:

Given z = f(u, v) = (u + 4) (Bu + 2v), the partial derivatives can be found by use of

the product rule. By holding v constant, we have
fu=[(u+4)x3] + [1 (Bu+2v)]
= 2(3u+v+6)
Similarly, by holding u constant, we find that
fv = [(u+4)2] + 0(Bu+2v)
= 2(u+4)
Example 3:

Given z = (3x - 2y)/(x2 + 3y), the partial derivatives can be found by use of the
quotient rule.

9z —f = [3(x%+ 3y)]- [2x(3x —2y)]
ox x (x2+3y)?

_ —3x%+ 4xy+9y

h (x%2+3y)2
3z —f = [—2(x?+ 3y)]- [3(3x —2Y)]
ay 7 (x243y)2

_ —x(2x49)

a (x2+3y)2
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2.2 RULES OF PARTIAL DIFFERENTIATION

Partial derivatives follow the same basic patterns as the rules of differentiation in

one-variable case. A few key rules are given below.

1. Product Rule:
Givenz = g(x,y) xh (x,y)

0z oh a
— =g y) x5 +h(xy) x5

0z

oh d
5 =8 V) x5 +h(xy)x 3

Example:

Given z = (3x + 5) (2x + 6y), by the product rule

Z = (3x+5)2+ (2x + 6y)3
= 6x +10 + 6x + 18y
= 12x +18y +10

z—; = (3x +5)6 + (2x + 6y)0
=18x +30 + 0
= 18x +30

2. Quotient Rule

Givenz = —ig;’;
9z _ hxy) X % - g(x,y)x %
dx [h(x.)]?
oz _ h(x,y) x Z—gy —g(x,y)x f,’,—’;
oy [h(x.¥)]?
Example:

Given z = (6x + 7y)/5x+3y), by the quotient rule
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az _ (5x+3y)6 — (6x+7y)5

9x (5x+3y)?

30x+18y—30x — 35y
(5x+3y)2

-17y
(5x+3y)2

9z (5x+3y)7 — (6x+7y)3
oy (5x+3y)2

35x+21y—-18x — 21y
(5x+3y)2

17x
(5x+3y)2

3. Generalized Power Function Rule:

Givenz = [f(x,y)|"

2: -1 a_f
I x L
2: -1 a_f
2= = nlf G x L

Example:

Given z = (x* + 9y?)°

92 _5(x* 4 9y2)* x 4x?
0x

=20x3(x* + 9y?)*
oz _ 5(x* +9y?)* x 18y
dy

=90y (x* + 9y?)*
2.3 SECOND - ORDER PARTIAL DERIVATIVES

Given a function z = f(x, y), the second-order (direct) partial derivative signifies
that the function has been differentiated partially with respect to one of the independent
variables, twice while the other independent variable has been held constant.
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622 9
i =3 (5) =

0 2Z a
dy? ay ( ) = fuy
In effect, fxx measures the rate of change of the first order partial derivative fx with

respect to x while y is held constant. And fyy measures the rate of change of the first-

order partial derivative fy with respect to y while x is held constant.

The cross (or mixed) partial derivatives fxy and fyx indicate that first the primitive
function has been partially differentiated with respect to one independent variable and
then that partial derivative in turn been partially differentiated with respect to the other
independent variable.

e

dyox
e L ()
" 9xdy d0x \0y

By young’s theorem, if both cross partial derivatives are continuous, they will be

identical.

Example:
The first, second, and cross partial derivatives for z = 2x3 - 11x2y + 3y?2
First order partial derivatives

0z

—  =fx=6x%—-22xy
0x

0z =fy=-11x*+6y
dy

Second - order direct partial derivatives

0%z

Fr R fxx=12x - 22y
0%z

e fw=o
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Cross - partial derivatives

0%z

m =fxy = —22x
8%z _ _

axdy f}’x = —22x

2.4 OPTIMIZATION OF MULTIVARIABLE FUNCTIONS

For a multivariable function such as z = f(x, y) to be at a relative minimum or
maximum, three conditions must be met:

(1) The first - order partial derivatives must equal zero simultaneously. That is

0z

—_ ] =O
0x s

aZ =f:y=0
dy

This indicates that at the given point (a, b), called a critical point, the function is

neither increasing nor decreasing with respect to the principal axes but is at a relative
plateau.

(2) The second - order direct partial derivatives, when evaluated at the critical point (a,b)

must both be negative for a relative maximum and positive for a relative minimum. That
is,

For a relative maximum

0%z _
—- =<0
9x2 When x =aand y = b, the
values derived from the first
2 -
9’z =fyy<0 condition
dy?

For a relative minimum

0%z

_Z =fxx>0
O0x? fx

0%z  =fyy>0
dy?
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This ensures that from a relative plateau at (a, b) the function is concave and
moving downward in relation to the principal axes in the case of a maximum and convex
and moving upward in relation to the principal axes in the case of a minimum.

(3) The product of the second - order direct partial derivatives evaluated at the critical
point must exceed the product of the cross partial derivatives also evaluated at the
critical point. Since fxy = fyx by Young's theorem, this condition can also be written as

fxx . fyy - (fxy)2>0

This added condition is needed to preclude an inflection point or saddle point.

If fxx . fyy - (fxy)? < 0, the function is at an inflection point when fxx and fyy have

the same signs and the function is at a saddle point when fxx and fyy have different signs.
If fxx.fyy - (fxy)? = 0 the test is inconclusive.
Example:

Find the critical points and test whether the function is at a relative maximum or
minimum, given

Z =2y3 - x3+ 147x - 54y + 12

(a) Take the first - order partial derivatives, set them equal to zero, and solve for x and y

6_2 =-3x2+147 =0
ox

3x2 =147

x2 =49

x=x7
92 _6yr-54=0
0x

6y2 =54

y2=9

y =13

With x = 7, y =43, there are four distinct sets of critical points:
(7,3),(7,-3), (-7, 3), (-7,-3)

(b) Take the second - order direct partial derivatives, evaluate them at each of the critical
points, and check the signs
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fxx =-6x

(i Point (7,3) fxx= -42 <0
(i) Point (7,-3) fxx= -42 <0
(iii) Point (-7,3) fxx= 42 >0
(iv) Point (-7,-3) fxx= 42 >0
fyy =12y

(i) Point (7,3) fyy= 36 >0
(i) Point (7,-3) fyy= -36 <0
(i) Point (-7,3) fyy= 36 >0
(iv) Point (-7,-3) fyy= -36 <0

Since there are different signs for each of the second direct partials in (i) and (iv) ,
the function cannot be at a relative maximum or minimum at (7, 3) or (-7, -3). With both
signs of the second direct partial derivatives negative in (ii) and positive in (iii), the
function may be at a relative maximum at (7, -3) and at a relative minimum at (-7, 3), but
the third condition must be tested first to ensure against the possibility of an inflection
point.

(c) Take the cross partial derivatives and check to make sure that fxx . fyy - (fxy)? >0
fry=0
~fxx L fyy - (fxy)? =-42x-36 -0=1512>0
at (7, -3) and
fxx . fyy - (fxy)2=42x36 -0=1512>0
at (-7, 3)
The function is maximized at (7, -3) and minimized at (-7, 3).
2.5 CONSTRAINED OPTIMIZATION WITH LAGRANGE MULTIPLIERS

Differential calculus is also used to maximize or minimize a function subject to
constant. Given a function f(x, y) subject to a constraint g(x, y) = k, where k is a constant,

a new function L can be formed by setting the constraint equal to zero (that is, k - g(x, y)

Mathematics for Economic Analysis - 11 Page 47



School of Distance Education

= 0), multiplying it by 4 (that is, A[k - g(x, y)]), and adding the product to the original

function:

L=flx,y) +A[k-g(x y)]

Here L is the Largrangian function, 4 is the Lagrange multiplier, f(x, y) is the
original or objective function, and g(x, y) is the constraint. Since the constraint is always
set equal to zero, the product 4 [k - g(x, y)] also equals zero, and the addition of term
does not change the value of the objective function. Critical values xo, yo and 4 at which
the function is optimized, are found by taking the partial derivatives of L with respect to

all three independent variables (x, y and 4), setting them equal to zero, and solving

simultaneously.
o L.=0
0x
a_L = Ly =0
dy
a—L = LA =0
oA

The second - order conditions can now be expressed in terms of a bordered
Hessian |H| as

fxx fxy gx Where _0*f

Hl =|fyx fyy gy f dx?
gx gy O )

_of

JC‘V]/ - dy?

_ 9*f

fxy_ dxoy

If all the principal minors are negative, the bordered Hessian is positive definite,
and a positive definite Hessian always satisfies the sufficient condition for a relative

minimum.

If all principal minors alternate consistently in sign from positive to negative, the
bordered Hessian is negative definite, and a negative definite Hessian always meets the

sufficient condition for a relative maximum:.
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Example:

Optimize the function
Z = 4x? + 3xy + 6y?
Subject to the constraint
X+y=>56
(1) Set the constraint equal to zero by subtracting the variables from the constant.
56 -x-y=0
(2) Multiply this by 4
ABG6-x-y)=0
(3) Add the product to the objective function is order to form the Lagrangian function L
L =4x2+3xy +6y2+ 4 (56 - x -y)

(4) Take the first order partial derivatives with respect to x, y and 4 and set them equal
to zero.

oL

—  =L=8x+3y-4=0
ox

0L =Ly=3x+12y-4=0
dy
O_L =La=56-x-y=0
oA
(5) Solving these equations simultaneously, we get
X=36,y=20and 1 =348
(6) Substituting the critical values (that is, x = 36, y = 20) in the objective function we get
Z =4(36)+ 3(36)(20) + 6(20)2
= 4(1296) + 3(720) + 6(400)
= 9744

(7) To see whether this is relative minimum or maximum, we consider second - order
condition in terms of bordered Hessian.

8 3 1
H =[3 12 1
1 1 0
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Starting with the second principal minor |H|
[Hz| = [H| =8(-1) - 3(-1) + 1(-9) = -14
With |H,|< 0, [H| is positive definite, which means that Z is at a minimum.

2.6 SIGNIFICANCE OF THE LAGRANGE MULTIPLIER

The Lagrange multiplier 4 approximates the marginal impact on the objective
function caused by a small change in the constant of the constraint. With 4 = 348 in the
example presented above, for instance, a one-unit increase (or decrease) in the constant of
the constraint would cause z to increase (or decrease) by approximately 348 units.
Lagrange multipliers are often referred to as shadow prices. In utility maximization
subject to a budget constraint, for example, 4 will estimate the marginal utility of an extra
unit of income.

2.7 DIFFERENTIALS

d
The derivativeémay be treated as a ratio of differentials in which dy is the
differential of y and dx the differential of x. Given a function of a single independent

variable y = {(x), the differential of y, dy, measures the change in y resulting from a small
change in x, written dx.

Given y = 2x2+5x+4, the differential of y is found by first taking the derivative of y
with respect to x, which measures the rate at which y changes for a small change in x.
dy

- 4x + 5 a derivative or rate of change and then multiplying that rate at which y

changes for a small change in x by a specific change in x (that is, dx) to find the resulting
change in y (that is, dy).

dy = (4x + 5)dx
Example:
If y =8x3+10x2-7
dy = (24x2 + 20x) dx
2.8 TOTAL AND PARTIAL DIFFERENTIALS

For a function of two or more independent variables, the total differential
measures the change in the dependent variable brought about by a small change in each
of the independent variables. If z = f(x, y), the total differential dz is expressed
mathematically as
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d d
Where £ and é are the partial derivatives of z with respect to x and y

respectively, and dx and dy are small changes in x and y. The total differential can thus
be found by taking the partial derivatives of the function with respect to each
independent variable and substituting these values in the formula above.

Example

Given z = 2x3 + 6xy + 5y?3

0z 0z
22 G2 .22 2
5 6x2 + by; 3 6x + 15y

dz = (6x2+ 6y)dx + (6x + 15y?)dy

2.9 TOTAL DERIVATIVES

Given a case where z = f(x, y) and y = g(x), that is, when x and y are not
independent, a change in x will directly affect z through the function f and indirectly
through the function g. To measure the effect of a change in x on z when x and y are not
independent, the total derivative must be found. The total derivative measures the direct

. 1. dz d .
effect of x on z, Z—i, plus the indirect effect of x on z through 5 d_i . In brief, the total

derivative is
dz _ 0z + dz dy
dx dx 0y dx

Example:

Given z = x* + 8y and y = x2 + 2x + 10, the total derivative with respect to x is

dz _ 0z 0z dy
dx dx Jdy dx
0z a

z
— =4x3, —=8§;
0x dy d

d
Z=ox+2
X

Substituting, we get
2 43 +8(2x+2)
dx

=4x3+16x + 16
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2.10 IMPLICIT AND INVERSE FUNCTION RULES

Functions of the form y = f(x) express y explicitly in terms of x and are called
explicit functions. Functions of the form f(x, y) = 0 do not express y explicitly in terms of
x and are called implicit functions. For example, x2 + y2 = 16 is an implicit function
between x and y.

If an implicit function f(x, y) = 0 exists and Z—; # 0 at the point around which the

implicit function is defined, the total differential is simply
of of
= + = =
P dx 3y dy =0

Since a derivative is a ratio of differentials, we can then rearrange the terms to get
the implicit function rule.

dy _af/ax

dx Of /ay

Notice that the derivative d_z is the negative of the reciprocal of the corresponding

partial derivatives. That is,

d_y= _af/ax - 1
6f/
0x

Given a function y = f(x), an inverse function x = f1(y) exists if each value of y
yields one and only one value of x. Assuming the inverse function exists, the inverse
function rule states that the derivative of the inverse function is the reciprocal of the
derivative of the original function. Thus, if y = f(x) is the original function, the derivative

d dx
of the original function is d_ic] , the derivative of the inverse function [x = {1 (y)] is E ,

and

Example 1:

d
Given 6x2 - 5y = 0 the derivative d_icl is found as follows
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d_y _ _af/ax
]
dx f/ay

_ —12x

12

Example 2:

Given y =40 - 4p, find the derivative for the inverse of the function.

dp 1

= =

dy y/dp
_ 1 _ 1
T4 T4

211 APPLICATION OF CALCULUS OF MULTIVARIABLE FUNCTIONS IN
ECONOMICS

(1) Marginal Productivity

The marginal product of capital (MPx) is defined as the change in output brought
about by a small change in capital when all other factors of production are held constant.
Given a production function such as

Q=36 KL - 2K2 - 31.2

0
the MPx is measured by taking the partial derivative i That is

_99 _
MPk = —= = 36L - 4K

Similarly, the marginal product of labour (MPL) is measured by taking the partial

0
derivative 9 }
oL

That is,

_99 _
MPL = —= = 36K - 6L
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Example:

Find the marginal productivity of inputs x and y, given the production function
Q = x2+2xy+3y?

_9e_
MPX_ax 2x + 2y
O_Q
d

MPy = 2% = 2x + 6y

(2) Income and Cross Elasticities of Demand

Income elasticity of demand €y measures the percentage change in the demand for
a good resulting from a small percentage change in income, when all other variables are
held constant. Cross elasticity of demand €. measures the relative responsiveness of the
demand for one product to changes in the price of another, when all other variables are
held constant. Given the demand function

Qi=a-bP1+cP2+mY

Where y = income and P> = the price of a substitute good, the income elasticity of
demand is

& -2 (1)

ay \@Q,

Y
=m_
Q1

mY

a-bP1+ cP2+mY

And the cross elasticity of demand is

L% (m)
0P, \Qq
P,
=
Q1
cp,
a-bP1+ cP2+mY

Example:

Given the demand for beef
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Qv =4850 -5P,+ 1.5 Pp + 0.1Y with Y = 10,000, P, = 200, and the price of
pork P, = 100.

& - (L)

dY \Qp

=0.1x X
Qb
_ 0.1x 10000
- 4850—-5x2004+1.5x10040.1 x 10000
1000

- 4850—1000+ 150+ 1000

1000
~ 5000
=0.2

€ 9% (i)

aPp Qb
100
=15x
4850—-5x200+1.5x100+0.1 x 10000

_ 1.5x 100

4850—5x 200+1.5 x 100+0.1 x 10000
_ 150

5000
=0.03

(3) Differentials and Incremental Charges

Frequently in economics we want to measure the effect of a change in an
independent variable (labour, capital, items sold) on the dependent variable (costs,
revenue, profit). If the change is a relatively small one, the differential will measure the
effect. Thus, if z = {(x, y), the effect of a small change in x on z is given by the partial

differential

The effect of larger changes can be approximated by multiplying the partial derivative by
the proposed change. Thus
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0z
Az~=— A
Z Ix X

If the original function z = f(x. y) is linear.
dz Az
dx  Ax
and the effect of the change will be measured exactly

Az =22 A
Z P X

Example:

A firm’s costs are related to its output of two goods x and y. The functional
relationship is

TC =x2-0.5xy +y?

The additional cost of a slight increment in output x will be given by the
differential

dTC = MCx dx
= (2x - 0.5y)dx

The costs of larger increments can be approximated by multiplying the partial
derivatives with respect to x by the charge in x. Mathematically,

dTC
ATC = rm AX

X
~ (2x - 0.5y) Ax

(4) Optimization of Multivariable Functions in Economics

In economics, we have to deal with multi-product firms or firms selling different
varieties of the same product. Maximizing profits or minimizing costs under these
conditions involve function of more than one variable. Thus, the basic rules for
optimization of multivariate functions are required.

Example:
A firm producing two goods x and y has the profit function.

IT=64x - 2x> + 4xy - 4y> + 32y - 14
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To find the profit-maximizing level of output for each of the two goods.

(a) Take the first order partial derivatives, set them equal to zero, and solve for x
and y simultaneously
IIx=64-4x+4y =0
ITy=4x-8y+32=0
When solved simultaneously, we get
X=40andy =24

(b) Take the second-order direct partial derivatives and make sure both are
negative, as is required for a relative maximum.

Hxx = '4 < 0
(c) Take the cross partial derivatives to make sure that ITix Iyy - (T1ky)?2> 0

[T =-4, Ilyy=-8, [Iyy=4

M Ty - (Thy)? = (4) x (-8) - 2= 6> 0
Therefore, profit is indeed maximized at x =40 and y = 24
At that point, m = 1650

(5) Constrained Optimization of Multivariable Functions in Economics

Solution to economic problems frequently have to be found under constraints
(example, maximizing utility subject to a budget constraint or maximizing profit subject
to resource constraint or minimizing costs subject to some such minimal requirement of
output as a production quota). Use of Lagrangian function greatly facilitates this task.

Example:

Find the critical values for minimizing the costs of a firm producing two goods x
and y when the total cost function is C = 8x? - xy + 12y?and the firm is bound by contract
to produce a minimum combination of goods totaling 42, that is subject to the constraint
x+y =42

(a) From the Lagrangian function
L=8x2-xy +12y?+ A1 (42-x-y)

(b) Take the first order partial derivatives and set them equal to zero.
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Ly=16x-y-4=0
Ly=-x+24y -4=0
Li=42-x-y=0

(c) Solving simultaneously, we get
X =25 y=17and 4 =383

(d) Consider the second-order condition in terms of bordered Hessian |H|to ensure
that the critical values x = 25, y =17 and 4 = 383 minimizes the function

16 -1 1
H =|-1 24 1
1 1 0

W] = 1(-1-24)-1(16 + 1)
=-25-17=-42<0
With |H,| <0, [H| is positive definite and ¢ is minimized.

The minimum value of c is attained by substituting the critical values in the
objective function. That is,

C =8x(25)2-(25(17) +12x (17)?
=8 x (625) - 425 + 12 x 289
= 5000 - 425 + 3468
- 4621
(6) Marginal Utility

The marginal utility of a commodity X (MUy) is defined as the change in total
utility brought about when all other commodities (quantity consumed) are held constant.
Given a utility function

U =3x2 + 5xy + 6y2
au
the MU is measured by taking the partial derivative P That is

ou
MUX—E—6x+5y
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Similarly, the marginal utility of commodity y (MUy) is measured by taking the

ou
partial derivative oy That is

ou
MUy =% =5x +12y

(7) Marginal Rate of Substitution or Rate of Commodity Substitution

Marginal Rate of Substitution of x for y (MRSxy or RCSyy) is the rate at which x is
substituted for y (number of y foregone to attain one more unit of x), when utility held
constant. Given a utility function

U =3x%y + 5xy2+7

The MRS,y is measured by taking the ratio of partial derivatives of the utility function
with respect to x and y. That is

aU/ax _ 6xy+5y?
au T 3x2
/Oy 3x2+ 10xy

MRSxy = —

The negative sign prefixed indicates that an increase in x should result in a decrease in y.

(8) Marginal Rate of Technical Substitution (MRTSk)

Marginal Rate of Technical Substitution of Labour for capital (MRTSik) is defined
as the rate of substitution of labour for capital, keeping output constant. Given a
production function

Q=AL*K?#

The MRTSik is measured by taking the ratio of partial derivatives of the production
function with respect to labour and capital. That is,

a
%o
_ _ aAL®"1kB
MRISuc= = %/ ~ T BALYKB1
__ak
= =37

(negative sign shows the inverse relation)
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CHAPTER III

SPECIAL DETERMINANTS AND MATRICES IN ECONOMICS

3.1. THE JACOBIAN

The Jacobian determinant permits testing for functional dependence. A Jacobian
determinant, denoted as []J|, is composed of all the first order partial derivatives of a

system of equations arranged in ordered sequence.
Given, Y1= f1(x1, X2)

Yo= f2(x1, x2)

91 7

_ |ox ox

Then/ ”I_ ay; ayg
o, 9y

Note that the elements of each row we the partial derivatives of one function with

respect to each of the independent variables xi1, xo, ...... If [J|=0, the equations we
functionally dependent and if |J| # 0, the equations we functionally independent.

Sometimes Jacobian is also expressed as |J| =

a(xl,xz)

Example 1:
Use Jacobian to test for functional dependence
Y1 =2x1+3x2

Yo = 4x12 + 12x1x2 + 9xp2

91 1
ayz ayz
6x1 axz

6x1

9 3

sz
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d

92 _ 8x1 + 12x2
6x1

ad

Y2 =12 + 18%
6x2

A= g, +2 12x) 12 i 18]
1 X2 X1 X2
]I =2(12x1 + 18x2) - 3 (8x1 + 12x2)
JI=0
Since |]J| = 0, there is functional dependence between the equations.
Example 2:

Use Jacobian to test for functional dependence for the following system of equations

Y1 =6x1 +4x2

Y, =7x1 + 9%

91 91
92 9y
dxq1 0xy
w1 _¢
6x1
w1 _,
6x2
2,
6x1
02 _g
6x2
6 4
=0 g
IJ1= 26
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Example 3:
Test for functional dependence by means of Jacobian
Y1=x12-3x2+5

Yo = x14 - 6X12x2 + 9x22

91 9y
”I — 6x1 axZ
92 vy
6x1 axz
d
1 -9y
axl
91 3
axz
a
92 - 4x13 - 12x1%2
axl
d
22 - 62+ 18%2
x2
2X1 -3
A=

4x13 - 12x1xp —6x12 + 18xy

[J| = 2x1 (-6x12 + 18x2) - -3 (4x13 - 12x1x2)

JI=0

Since |]| = 0, the equations are functionally dependent .

Example 4:
Y1 =1.5x12 + 12x1x2 + 24x22
Y, = 2x1 + 8%2

Find out Jacobian?
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9y1 9y1
9y 9y2
6x1 axz
0
1 = 3 +12%0
X1
0
221 10xq + 48x0
6x2
92 _
6x1 2
92 _
6x2 8
e |3X1 + 12xp 12x1 + 48X2|
o 2 8
[JI = (3x1 + 12x2)8 - 2(12x1 + 48x2)
IJl =0
3.2 THE HESSIAN

A Hessian determinant or simply a Hessian denoted as |H| is a determinant

composed of all the second order partial derivatives. In the two variable case,

Z ={(x, y) then

_|Zxx  Zxy
1 =

yx Zyy
Thus, |H| is composed of second under partial derivatives, with second order
direct partials on the principal diagonal and second order cross partials off the principal
diagonals in the Hessian determinant Zyx = Zxy following Young’s Theorem.
If the first element on the principal diagonal or first principal minor, IH1l = Zxx is
Zxx Zxy

Zyx Zyy
Hessian is called positive definite. That is, if IH1I>0 and IH>I > 0, then IHI is positive

positive and the second principal minor IH»I = is also positive, then the

definite.
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Positive definite Hessian fulfils the second order condition for minimum. Similarly, if

the first principal minor IHil =Zxx is negative and second principal minor IHoI =
Zxx Zxy
Zyx Zyy
> 0, the Hessian is negative definite. A negative definite Hessian fulfills second order
condition for maximum.

is positive, then the Hessian is negative definite. That is, if IH1I < 0 and IH>I

Example 1:

Given Z = 3x2 - xy + 2y? - 4x - 7y + 12 use Hessian to check second order condition.

n -5 2
Zx=6x-y-4
Zxx =6
Zxy =-1
Zy=-x+4y -7
Zyy =4
Zyx =-1
i =1° 7

The first principal minor |[H{| =Zxx=6>0

6

Second principal minor |Hp| = |_1

-1y _
) |=23>0
Since |H1| > 0 and |H| > 0, the Hessian is positive definite and Z is minimized.

Example 2:

If Q =5u? + 3uv + 2v2 find out if Q is positive or negative definite

_|Quu  Quv
|H] = |Qvu vi|
Qu=10u + 3v
Quu =10
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Quv=3
Qv =3u +4v
Quv=3
Qvv=4
. _[10 3
o |H| -
|[H1]=10>0
_ 110 3| _
H2=| 4|—31>0

. Qs positive definite.
Example 3:
Examine the following function for maximum or minimum

U=2x2+y2-4x+8y

|H|=|Qxx Qxy

Qyx Qyy

Ux=4x-4

Uxx =4

Uxy =0

Uv=2y+8

Uyx =0

Uyy =2
el !
|[H1|=4>0

n2=t >|=8>0

. U is minimum.
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Example 4:

Given the profit function m = 15Q; + 18Q2 - 2Q12 - 2Q1Q>2 - 3Q22, use the Hessian for
second order condition

|H|=|1T11 ™12
m21 T22

11 =15 -4Q - 2Q»
ITh=-4
[Tp=-2

I, =18 - 2Q1 - 6Q»

Iy =-2

H22=-6

) -4 =2

SIHE=|2 T
|[H1|=-4<0

_4 -2
|H2|—|_2 _6|—20>0
. U is minimum.

Since |H1| < 0 and |H2| > 0, Hessian is negative definite, and the profit function (IT) is

maximized.

3.3 THE DISCRIMINANT

The discriminant is used for positive or negative definiteness of any quadratic
form. The determinant of a quadratic form is called the discriminate and is denoted as
DI.

Given the function of two variable, Z= f(x, y), the quadratic form is
Z = ax2 + bxy + cy?

The discriminant |D| is formed by placing the coefficients of squared terms on the
principal diagonal and dividing the coefficients of the nonsquared terms equally between

the off diagonal positions. That is,
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|D| =

NI Q
a N

If the first principal minor |[D1| = a is positive and the second principal minor |D3|

is also positive then the discriminant |D| is called positive definite. That is, if

NI Q
a NS

|ID1| > 0 and |D3| > 0, |D| is positive definite and z is positive for all non-zero values of x
andy. If [D1| <0and |Dy| > 0, the discriminant |D| is negative definite and z is negative
for all non-zero values of x and y.

Example 1:

Given Z = 2x2 + 5xy + 8y?, use discriminate to test for definiteness.

2 3
— 2
2
_ 2.5
'Dl‘bs 8|
|ID11=2>0
12 25|_
|1)2|-|2.5 8|-9.75>0

Since |D1| >0 and |D3| > 0, z is positive definite.

Example 2:

Find discriminant if Q = 22Y12 + 46Y1Y2 + 42Y72, use discriminate to test for definiteness.

ﬂ
ID| = §
X 42

2
122 23
'Dl_b3 42
|D1]=22>0
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122 23|
|D2|—|23 o] =395>0

Since |D1| >0 and |D3| > 0, Q is positive definite.
Example 3:

Is Q=5U2 + 3UV + 2V2 either positive or negative definite.

D1 = |1E.;5 125|
ID11=5>0

Do = |f’5 125| =775>0

Since |D1| >0 and |D3| > 0, Q is positive definite.
Example 4:
Use discriminant to determine the sign of definiteness, given

Y = -2x12 + 4x1x2 = 5x22 + 2x2x3 - 3x32 + 2X1X3

|l—2 % 2
2 2
4 2
2 2 g
2 2
-2 2 1
[D| =] 2 -5 1
1 1 -3
[D1]=-2<0
_|—=2 2_
ID2|—|2 _5|—6>0
-2 2 1
ID3l=12 -5 1
1 1 -3
_A~]-5 1 2 1 2 =5
|D3|_'2|1 —3|'2|1 —3|+1|1 1|

D3| =-7<0
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Since |[D1]| <0, |[D2| > 0and [D3| <0, Y is negative definite.

3.4 THE HIGHER ORDER HESSIANS

Given Y = f(x1, x2, x3) the third order Hessian denoted as |H| consist of the
elements of various second order partial derivatives of Y. That is,
Y11 Y12 Y13

Y21 Y22 Y23
Y31 Y32 Y33

|H| =

Conditions for a relative minimum or maximum depend on the signs of first,

second and third principal minors respectively. The principal minors are

|H1l = Yn
Y11 Y12
|Hp| =
|Y21 Y22
|H3| = |H]|

If [H1]| > 0, |H2| > 0 and |H3| > 0 then Hessian is positive definite and fulfills the
second order conditions for a minimum. If |[H1| <0, |H| > 0 and |H3| < 0, then Hessian

is negative definite and fulfills the second order conditions for a maximum.

That is, if all principal minors of Hessian is positive, |H| is positive definite and
second order conditions for a relative minimum we met. If all principal minors of
alternative sign between negative and positive |H| is negative definite and second order

conditions for a relative maximum are met.

Example 1:

Given the function Y = —5x,%+ 10 x; + x;x3 - 2x% + 4x, + 2x,%5 - 4x%. Use
Hessian to check second order condition

Yiin Yz Yi3
[H| = |Y21 Yoz Ya3
Y31 Y32 Ys3

Y; = -10x; +10 + x5

Yll = -10 le =0
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Yi3 =1
Y, = -4x,+4+2x,
Yo =0 Yy, = -4 Y3 =2
Y3 = x;+ 2x, — 8x3
Y3;=1 Y3, =2 Y33 = —8
-10 1 1
~H=10 -4 2
1 2 -8
|H,| =-10<0
ol =] 730 2] =400
sl =a0[50 Zl-ofy G+l T =2

~|Hy| <0, |[Hy] >0, |[H3] <0, |H]isnegative definite and function is maximised.

Example 2:

Find extreme value of Z = 2x¥ + x;x, + 4x2 + xyx3 + x3 + 2

le ZlZ Zl3
Hl = |Z21 Zyz Zy3
Z31 Z32 Z33
Z1 = 4x1 + Xy + X3
Z11 =4 le =1
Z, = x4+ 8x,
ZZl = 1 ZZZ = 8 223 = 2

73 = x1+ 2x;
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4 1 1
~Hl=1]1 8 0

10 2
H,| =4>0

_14 1) _
|H2|—1 3 31>0

e R I R

=54>0

~[Hy| >0, |[Hy] >0 and|H;| >0, |H|is positive definite and Z is minimum

Example 3:
Use Hessian to check second order condition

Y = 3x? — 5x; — x1X, + 6x% — 4x, + 2x,%5 + 4xZ +2x5 — 3% X3

Yiin Yz Yi3
H = |Y21 Yo VY3
Y31 Y32 Ys3
Y, = 6x1 -5-x5-3x3
Y13 = _3
Y, = -x;+12x, -4+ 2x,
Y21 = "1 Y22 = 12 Y23 == 2

Y3 = 2x2+ 8x3+2_ 3x1

Y31 = "3 Y32 = 2 Y33 = 8
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6 -1 -3
“Hl= |-1 12 2
-3 2 8
H,| = 6>0
16 —1] _
|H,| —|_1 S| =71>0

ol =612 2.a |7t Zaest 1
=448 >0

~|Hyl >0, |[Hy] >0 and|Hz| >0, |H|is positive definite Y is minimized.
Example 4:

Examine the profit function

m= 180Q; +200Q; + 150Q;5 — 3Q;Q; — 2Q,Q3 — 2Q; Q5 — 4Qf — 5Q3 — 4Q3

for maximum

Ty Ty T3
Tly1 Tpp T3
Tl31 T3z T33

[H| =

my = 180-3Q,-2Q3-8Q4

Ty, = -8 Ty = -3

M3 = -2

m, = 200-3Q4 -2Q3-10Q,

My = -3 Ty, = -10 Ty = —2
m3 = 150 —2Q, — 2Q; — 8Q;

7T31 = "2 T[32 = "2 7-[33 = _8
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8 -3 -2
“Hl= -3 —10 -2
2 -2 -8
IH,| = 8<0
-8 -3 _
|H, | -|_3 -40| 71> 0
=10 =2 .|-3 —2|. ~|-3 —10
|Hs| "8|—2 _8 '3|_2 -—8«F2|—2 )

=-520

~|Hy| <0, |[Hy] >0 and|H3| <0, |H|isnegative definite and profit is maximised.

3.5 BORDERED HESSIAN FOR CONSTRAINED OPTIMISATION

Optimisation means minimisation or maximization. Differential calculus can be
used to minimize or maximize a function subject to a constraint. Given a function, Z =
f(x, y) subject to a constraint g(x, y) = k, where k is a constant, a new function F can be
formed by

1) Setting the constraint equal to zero
2) Multiplying the constraint by language multiplier, 1
3) Adding the product to the original function.

Thatis, F =g(x, y) + 1 [k- g (x, y)]

The first order conditions are found by taking partial derivatives of F with respect to all
three independent variables and setting them equal to zero. That is, Fx =0, Fy =0, FA =
0. The second order conditions can be expressed in terms of bordered Hessain, denoted
as

|H| can be written as

Fyx ny 8x
|H| = [Fyx Fyy 8y
8x 8 O
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or
0 g 8
| H | = |8x Fxx ny
8y Fyx Fxy

If |H| > 0 the function is maximized (H is negative definite) and if |H| < 0 the function is
minimized H is positive definite).

Example 1:
Optimise the function Z = 4x? + 3xy + 6y? subject to the constraint x +y = 56
Setting the constraint equal to zero,
56 -x-y=0
Multiplying with A and adding to the original function, we have
Z=4x?+3 xy +6 y* + 1 [56 - x - y]
Taking the first order conditions
Zx=0= 8x+3y-1=0
Zy=0= 3x+12y-1=0

Z,=0= 56-x-y=0

Zxx = 8 Zxy =3
Zxy = 3 Zyy = 12
g9x =1 gy =1
B 8 3 1
~|Hl=1(3 12 1
1 1 0

=l g3l ol 1l 7

H =-14<0

~ The function is minimized
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Example 2:

Maximise the utility function U = 2xy subject to a budget constraint equal to 3x + 4y = 90.

Find out the critical values of X, y and A and use bordered Hessian to test for second
order condition

Applying , we have
U =2xy + 1[90 - 3x - 4y]
Ux=2y -34=0
Uxx =0 Uxy =2 9x =3
Uy=2x-41=0
Uyx =2 Uyy =0 gy =4
Uj=90-3x-4y=0

To apply Cramer’s rule, in matrix form, Ax = B

0 2 =3 0
2 0 —4f=|o0
-3 —4 oAl 90
Al =o0] % -2 s
= 48
0 2 -3
All=]0 0 -4
90 —4 0
Al = 0|_04 _04|'2|900 _04|+_3 |900 —04|
=720
X=% = % =15
0 0 -3
A=12 0 —4
-3 90 O
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|Azl =0 |_03 _04| -0 |_23 _()4| +3 |—23 900|
|A,| =540
y = % = % =11.25

0 2 0

As=12 0 0

—3 —4 90
|As| = 0 |_O4 900| -2 |_23 900| +0 |—23 —O4|
A= sl 300 55

|A| 48

Using Bordered Hessian to test for second order condition

Ugx ny 8x
|H| = [Uyx Uyy 8y

gx 8 O
0 2 3
H =12 0 4

3 4 0

Fi=ofy ol-2[; o= l5 4
[H =48>0
U is maximized and |H| is negative definite
Example 3:
Find maximum of U = xy + x under the condition that 6x + 2y =110
U=xy +x+A[110 - 6x - 2y]
Ux=0= y+1-61=0
Uxx =0 Uxy =1 g, =6

Uy=0= x-21=0
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Uyx =1 Uyy =0 gy =2
U/1=0'::> 100-6x—2y =0

In matrix form AX =B

0 1 —6[x | -1
1 0o -2[ly[=]| o
—6 -2 ollal [-110
=05 Pl Tlrels O
= 24
-1 1 -6
Al =[ 0 0 -2
~110 -2 0
A1 ='1|—02 _02|'1|—1010 _02|+'6|—1010 —02
=224
x = Al - 2% _g33
|A] 24
0 -1 -6
A2={1 0 -2
—6 —110 0
a2l =0|_pio -1l o1+l it
|A2| = 672.
= Al _ 672 _ 5g
[A] 24
0 -1 -1
A3={1 0 0
-6 -2 —110
|A3] =0|_02 _1010|'1|_16 —1010|+'1|—16 —02|
= 112
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Forming Boarded Hessain

Uyx ny 8x
[H| = |Uyx Uy 8y

8x 8 O
016
H=11 0 2

6 2 0

= 0 2 1 2 1 0
= - +
IH| =0 |2 0 1 |6 0 6 |6 2
1| = 24
Since |H| > 0 U is maximized and |H| is negative definite.

Example 4:

Minimise the total cost C = 45x2 + 90 xy +90 y? when the firm has to meet a production
quota equal to 2x + 3y = 60

C =45x2 + 90 xy +90 y2 + 1[60 - 2x - 3y]
Cx=0= 90x+90y-21=0
Cy=0=> 90x+180y-31=0
C,=0=> 60-2x~3y =0

In matrix form AX =B

90 90 -2 x 0
90 180 -=3||Y|=| 0
-2 =3 0111 —60

Solving by Cramer’s rule we will have
x =12
y =12

A =1080
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Cxx ny 8x

Now forming bordered Hessian |[H| = |Cyx  Cyy 8y
8x 8 0

|90 90 2

[H= |90 180 3

2 3 0

|H| = - 450

Since |H| <0 C is minimized
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CHAPTER IV
INTEGRAL CALCULUS: THE INDEFINITE INTEGRAL

Differentiation is the process of finding out the rates of changes. If Y=f(x) is a
function of x, we can find the rate of change of Y with respect to x by differentiating the

a
function and thereby obtaining d—z or f(x). Thus if the hypothetical total utility function

au
is U=q?, where g is the quantity consumed, then d—q=2q is the rate of change of total utility

as given by the differential coefficient of U with respect to q, and is the marginal utility
function.

But here an important question is, if the marginal utility function is 2q, what is the
total utility function? The problem is reversed here: because we are now given the
marginal utility function and we are to find the total utility function, or in other words
we are given the change in quantities and we have to calculate the total effects of the
change. This reverse process involves summation of the differences. Process of such
calculations is called integration.

Thus, reversing the process of differentiation and finding the original function
from the derivative is called integration or antidifferentiation. The original function F(x)
is called the integral, or antiderivative, of F'(x).

Definition

If the differential coefficient of F(x) w.r.t. x is f(x), then the integral of f(x) with respect to x
is F(x).

diFI] f(x), then

In symbols : if =
dx

f f()dx = F(x)

The sign ‘[ ” is used to denote the process of integration. The differential symbol ‘dx” is
written by the side of the function to be integrated to indicate the independent variable
with respect to which the original differentiation was made and with respect to which we
are now to integrate. In this way [ f(x).dx means integration of f(x) w.r.t. x.

That is, suppose we want to integrate x™.
d
We know thatax”+1 =Mm+ Dx"11=mn+1)x"

1 d
._xn+1=xn
n+1 dx
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n+1
Since x™is differential coefficient of ( -

+1)

n+1
the integral of x™ is
n+1

;1
In symbols therefore, f xdx =
n+1
n+1
It may be noted that differentiating L we obtain x™.

Indefinite Integration (Constant of Integration)

. XTl+1
Let us have a function F(x) = —T +C, then

dF®  (m+1)x™
dx n+1

- because differential coefficient of constant is zero

n+1

+ C

Hence by the definition of an integral f x"dx = 1

f FG)dx = F(O) + C

where C is called the constant of integration. Since C can take any constant value, the
integral is called indefinite integral. Here the left-hand side of the equation is read, “the
indefinite integral of f with respect to x.” The symbol [ is the integral sign, f(x) is the
integrand, and C is the constant of integration.

Rules of Integration

The following are the basic rules of integration.

Rule 1. Power Rule

1
fx"dx = x™1 4 C (n=#"1)
n+1

Examples

x6
5 —_ —
fxdx 6+C
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1
2. fxdx=§x2+C

3. fldx:fxodx=x+6

4, 5/
f\/Fdx=’;/—2+C=§\/F+C
2
5 1 _x—4+1 1
ijdx— _4+1+C—§+C

Rule 2. Exponential Rule

de*
[e*dx = e* + C, since - e* and

Rule 3. Logarithmic Rule

d(logx) 1
dx  «x

1
J;dleogx+€, Since

Rule 4. Integral of sum and difference

Integral of sum (or difference) of a number of functions is equal to the sum (or difference)
of their separate integrals.

ie.=[[f(x)+ gl)]dx = [ f(x)dx + [ g(x)dx, and
JIf ) = g@)]dx = [ flx)dx — [ g(x)dx

Example
3 _ =
L JO? —x+ Dax fx3dx—fxdx+ fldx
—* _x?+c2+x +C,
= 4 2
L. Zix+C
4 2

Note : In the final answer we have to add up all the constants into a single constant C
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Rule 5. The integral of a Constant

The integral of a constant k is
f kdx=kx+C

Rule 6. The Integral of the Negative

The integral of the negative of a function is the negative of the integral of that function.
ie For [-f(x)dx,Here k = ~1, thus
[-redx= - [ rdx

Rule 7. Integral of a Multiple

If a function is multiplied by a constant number, this will remain a multiple of the
integral of the function

fkf(x)dx = kff(x)dx

4x*
1. f4x3dx=4fx3dx=T+C=x4+C

X _ N2 i — X _ -2 l
2. J(5e* —x"2+-)=5[e¥dx- [x?dx +4[ —dx
=5ex+l+4logx+C
X

Standard Results

In the following +C is implied in all the results.

1. [xN+1
d[ n+1] n+i
— =x" . [x"dx =

dx n+1

2. d(logx) 1

I x [=dx =logx
3. d(e¥)
=e* . [e¥dx =e*
dx

4 d a* x
—. = a* . [a¥dx = -
dx loga loga
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Initial conditions and Boundary Conditions

The initial condition mean y assumes a specific value when x equals zero (ie y =
yowhen x = 0) and the boundary condition means y assumes a specific value when x
assumes a specific value (ie y = yowhen x = x,,) In many problems an initial condition or a
boundary condition uniquely determines the constant (+C) of integration. By permitting
a unique determination of constant C, the initial or boundary condition clearly defines
the original function.

Examples

1. Given the boundary condition y = 11 when x = 3, the integral y =/ 2dx is evaluated
as follows.
y=[2dx=2x+C

Substituting y = 11 when x = 3, we have
11=2(3) + C
ie.C=5

Therefore, y = 2x + 5. Note that even though C is specified, [ 2dx remains an
indefinite integral because x is unspecified. Thus, the integral 2x + 5 can
assume an infinite number of possible values.

2. Find the integral for y =[ (x'/2 4 3x~2)dx given the initial condition y = 0 when x
=0

Here y = f(x1/2 + 3%~ /2)dx
=§x3/2 + 6x /2 +C

Substituting the initial condition y =0 when x =0 we get c =0,
3 1
Hencey=§x /2 4 6x /2

Integration By Substitution

Integration by substitution is a method of integration. Integration often is not
easy. Many functions may not be integrated at all. In order to integrate any given
function, we try to transform the function to a standard form by suitable substitution and
then use the standard result. For example, Integration of a product or quotient of two
differentiable functions, such as
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f 12x%(x3 + 2)dx

cannot be done directly by using the simple rules. However if the integrand can be
expressed as a constant multiple of another function ‘u” and its derivative Z—Z , integration
by substitution is possible. By expressing the integrand f(x) as a function of ‘u” and its

..o d . . .
derivative ==, and integrating with respect to x.
dx

J'f(x)dx=f(u§—3)dx
jf(x)dxzj(u du)=F(u)+ C

The substitution method reverses the operation of the chain rule and the generalized
power function rule in differential calculus.

Examples

1. Find the integral of [ 12x2(x® + 2)dx
Here the integrand can be converted to a product of another function ‘u’ and its

du
derivative Ix times a constant multiple.

Let u = x3+ 2, then

% = 3x?(take the derivate of u)
Then solving algebraically for dx, we get

g = du
3x2

du
Then substitute ‘u’ for x> + 2, and 32 for dx in the original integrand

= d
lexz(x3 + 2)dx lexz.u.—u
3x?

f4udu

= 4 f u du (where 4 is a constant multiple of u)

Then integrate w.r.t. ‘u” using the power rule of integrate we get

4fudu=4(%u2)=2u2+ C
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convert back to the terms of the original problem by substituting x> + 2 for u, we have

f 12x%(x3 + 2)dx =2u?+C
=2 (x3+2)*+C

when checking the answer by differentiating with the generalized power function
rule or chain rule, we have

;—x [2(x3 4+ 2)2 + C] =4 (x® + 2)(3x?) = 12x? (x3 + 2) which is the original function.

2. Integrate (5x + 7)8
Here we shall try to reduce it to the standard form [ x"dx: for this the obvious
way is to substitute u = (5x + 7). Then the given integral becomes

I=[uBdx

But dx too will have to be changed to ‘du’ otherwise integration will not be possible.
Sinceu =5x +7

du__
dx
or,
du =5.dx
du
dx =—
5

Therefore I = u8dx = [ u® d?u

== [uBdu
8+1
= l u + C
5 8+1
u°
= — 4 C
45
. (5x+7)° . . .
Putting back the value of u = 5x + 7, we get I = 4—5+ C, which will be original

function.
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Integration By Parts

If an integral is a product or quotient of differentiable functions of x and cannot be

du
expressed as a constant multiple of U integration by parts is frequently useful. This

method is derived by reversing the process of differentiating a product.

d 7 V
8] =f(x)g"(x) + g(x)f "(x)
Taking the integral of the derivative, we get

fe)gx) =[ f()g' Cdx + [ gLoOf (x)dx

Then solving algebraically for the first integral on the right hand side.

ff(X)g'(X)dx = f(x)g(x) —jg(X)f'(X)dx

For more complicated functions integration tables are generally used. Integration tables
provide formulas for the integrals of as many as 500 different functions.

Example

1. Integrate [ 4x(x + 1)3
Here integration by parts is used to determine [ 4x(x + 1)3
First separate the two parts amenable to the following formula.

f [F)g' @]dx = F)g(x) = f [g(0)f" ()] dx

As a general rule, consider first the simpler function for f(x) and the more complicated
function for ¢’(x). By letting f(x) = 4x and ¢’(x) = (x + 1)3 Then

f'(x) =4, and
g(x) =J(x + 1)3dx, - This can be integrated by using the simple power rule

then g(x) = [(x+1)3dx = i(x + D*+ (¢,
Then substitute the values for f(x), f (x) and g(x) in the formula, we get

[ 4G v2ax = foge - g 'Golax
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= [T+ D+ G- TF e+ Df 4 6| (4dx
=x (x + D*+4Cx - [[(x + D* + 4C,] dx

n+1
Then use the power rule f x"dx = J;+1

+C, we get

f 4x(x +1)3dx  =x(x+ D*+4Cx —g (x+1)5-4Cx+C
= x(x + 1)*- 2 (x +1)5+C

Then check the answer by letting y(x) = x(x + 1)* - % (x + 1)°+C and using the product
and generalized power function rules,

y'(x)=[x.4x+ 13+ (x+ D% 1] - (x + 1D*

=4x(x +1)3

2. Find the integral [ 2x e*dx
Here the integral [ 2x e* is determined as follows.
Let f(x) = 2x, and
g'(x) =e*
then f'(x) =2
g(x) =[ e¥dx = e*

Substitute the values in the formula of integration by parts

[rregcorax
f 2xe*dx

F)g@) — [[g)f '(x)]dx, we have

FG0).g(x) — f 9GO, F/(x) . dx
2x.e*-[ e*2dx

2x.e*-2 [ e*dx

By applying the constant rule of integration, we have the original function as
=2xe* -2e*+ C
Then check the answer by finding y’(x) where
y=2xe* -2e*+ C, as

y'(x) =2x.e* + e*+ 2 -2e*= 2xe*
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Economic Applications
Integrals are used in economic analysis in various ways.
Investment and Capital Formation

Capital formation is the process of adding to a given stock of capital, as the net
investment is defined as the rate of change in capital stock formation K over time, t. If the
_dK(t)
Cat
investment, the level of capital stock can be estimated. Capital stock is the integral with
respect to time of net investment

process of capital formation is continuous over time, I(t) . From the rate of

Ke=[1(t)dt = [=dt = [ dk =K(t) + C = K(t) + Ko

dK . . . . . .
Here P I(t) is an identity, it shows the synonymity between net investment and

the increment of capital. Since I(t) is the derivative of K(t), it stands to reason that K(t) is
the integral or antiderivative of I(t), as shown in the last equation.

K(t) = [1(8)dt = [ dt
or K(t) = [1(t)dt = K(t) + C =K(t) + K,
where C = the initial capital stock K

Example

1. The rate of net investment is given by I(t) = 140 t3/* and the initial stock of capital
at t = 0is 150. What is the time path of capital K?

By integrating I(t) with respect to t, we obtain
K= [I(t)dt
=[ 140t */adt

=140 [ t*/adt
By the power rule

K=140 (3t7/4) + C
=80t"/4+C
But C = K, =150, Therefore

K =80t/ +150
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Estimate Total Function From a Marginal Function

Given a total function (e.g, a total cost function) the process of differentiation can yield
the marginal function (eg., marginal cost function). Because the process of integration is
the opposite of differentiation, it should enable us, conversely, to infer the total function
from a given marginal function.

For example, since marginal cost is the change in total cost from an incremental
arc

dQ’
TC=[MC dQ=VC+C=VC+FC

Since C = the fixed or initial cost FC

change in output MC = and only variable costs change with the level of output, then

Problems

I. Determine the following Intergrals

a) [3.5dx

b) [ dx

) [dx

d) [x5dx

e) [4x3dx

f) [x 2dx

g) fsdx

h) [(5x3 + 2x% + 3x)dx

i) Find the integral for y =/ (xl/ 2+ 3x 2) dx given the initial condition y = 0 when x = 0

j) Find the integral for y = [(10x* — 3)dx given the boundary condition y = 21
whenx =1

II. Determine the following integral using the substitution method
a) [10x(x?+ 3)*dx
b) [(x—9)/adx

2

X
C) fmdx
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d) [x3e* dx

III. Use Integration by parts to evaluate the following integral

a) f15x(x+4)3/2dx

2x
b) f(x—8)3 dx

o) [16xe” ¥+ dx

IV. Economic Application

a) The rate of net investment is I =40t°/s and capital stock at t = 0 is 75. Find the
capital function K

b) The rate of net investment is I =60t /3,and capital stock at t =1 is 85. Find K

c) Marginal cost is given by MC = %=25+ 30Q -9Q?, fixed cost is 55. Find i) Total

cost ii)Average cost and iii) variable cost function

d) Marginal revenue function is given by MR = 60 - 2Q -2Q?. Find i)TR function and
ii) the demand function P =£(Q)

Answers

a) 3.5x+C

b) —x+C
2

) [x+c

d) 2x6+C
6

e) x*+ C

b 5
g) ilogx +C

5 2 3.3
h) 2x*+Zx3+=x%+C
4 37 2

i) §x3/2 +6x'/2
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i)
1n)

11I)

IV)

d)

y=2x%-3x+22

(x2+3)°+C

= (x—9) /a+C
_r

T 12(4x3+47)

ie"4+ C

6x(x + 472 -2 (x + 4)'/2 +C

7

—16xe~*+9) _ 16e=(+9)+C

K =25t"/5 + 75

K =45t"/3 + 40

)TC =25Q +15Q2 - 3Q3 + 55
ii) AC =25 +15Q - 3Q%+ SQ_S
iif) VC = 25Q +15Q2 - 33

i) 60Q - Q2-2Q3 +C

if) 60 - Q - 2 Q?
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CHAPTER V

INTEGRAL CALCULUS : THE DEFINITE INTEGRAL
5.1. AREA UNDER A CURVE

The graph of a continuous function y = f(x) is drawn in Fig 5.1.

ifT y 4

If we seek to measure the (shaded) area A enclosed by the curve and the x axis
between the two points a and b in the domain, we may proceed in the following manner.
First, we divide the interval (a, b) into n subintervals (not necessarily equal in length).
Four of these are drawn in Figure 5.1(a) - that is, n = 4 - the first being (x1, x2) and the
last, (x4, x5). Since each of these represents a change in x, we may refer to them as Ax,
Ax2, Axs, and Axsrespectively. Now, on the subintervals let us construct four rectangular
blocks such that the height of each block is equal to the highest value of the function
attained in that block (which happens to occur at the left-side boundary of each rectangle
here. The first block thus has the height f(x1) and the width Ax;,and, in general, the ith
block has the height f(xi) and the width Ax;. The total area A* of this set of blocks is the
sum

A* = (n=4 inFig. 5.1 (a) )

This, though, is obviously not the area under the curve we seek, but only a very
rough approximation thereof.
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What makes A* deviate from the true value of A is the unshaded portion of the
rectangular block; these make A* an over estimate of A. If the unshaded portion can be
shrunk in size and be made to approach zero, however, the approximation value A* will
correspondingly approach the true value A. This result will be materialize when we try
a finer and finer segmentation of the interval (a, b), so that n is increased and Ax; is
shortened indefinitely. Then the blocks will become more slender (if more numerous),
and the protrusion beyond the curve will diminish, as we can be seen in Figure 5.1 (b).
Carried to the limit, this “slandering” operation yield
L fxDAx = Lim A* =area A
n— o n— o

Lim

Provided this limit exists. This equation, indeed, constitutes the formal definition
of an area under a curve.

5.2 DEFINITE INTEGRAL

For a given indefinite integral of a continuous function f(x),

ff(x)dx =F(x)+ C

If we choose two values of x in the domain, say a and b (a <b), substitute them
successively into the right side of the equation, and found the difference

[F (b) + c]-[F (a) + c] =F(b) - F(a)

We get a specific numerical value, free of the variable x as well as the arbitrary
constant C. This value is called the definite integral of f(x) from a to b. We refer to a as
the lower limit of integration and to b as the upper limit of integration.

In order to indicate the limits of integration, we now modify the integral sign to

the form f; f(x)dx. The evaluation of the definite integral is then symbolized in the

following steps:
b b
2 FGodx = F(x)J | -ER)-F@

b b b

Where the symbol | (also written as ‘aor ............. , ) is an instruction to
substitute b and a, successively, for x in the result of integration to get F(b) and F(a), and
then take their difference. As the first step, however, we must find the indefinite integral,
although we may omit the constant c, since the latter will drop out in the process of

difference - taking any way.
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Example 1:

Evaluate |, 15 3x2 dx

Since the indefinite integral has the value x3 + ¢, the definite integral is

3

a
[P32dr=x3), =5°-13 =125-1-124

Example 2:

Evaluate f: ($+ Zx) dx

fo‘*(ﬁ+ 2x) dx = [In5 + 16] - [l 1 + 0]

= 1,5+ 16

A Definite Integral as an Area under a Curve

The area under a group of continuous function such as that in Figure 5.1 from ‘a’
to ‘b’ (a < b) can be expressed more succinctly as the definite integral of f(x) over the
interval ‘a’ to ‘b’. Put mathematically,

b n
f(x)dx = lim ) f(xj)Ax;
af am ; )Aaxi

Here ‘a’ is the lower limit and ‘b’ is the upper limit of integration.

Properties of Definite Integrals

(i) Reversing the order of the limits changes the sign of the definite integral

b a
!f(x)dx= —Jf(x)dx

(ii)  If the upper limit of the integration equals the lower limit of integration, the
value of the definite integral is zero.

ff(x)dx= F(a)— F(a) =0

(iii)  The definite integral can be expressed as the sum of component subintegrals.
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(iv) The sum or difference of two integrals with identical limits of integration is
equal to the definite integral of the sum or difference of the two functions.

(v)  The definite integral of a constant times a function is equal to the constant

times the definite integral of the function.

5.3 AREA BETWEEN CURVES

The area of a region between two or more curves can be evaluated by applying the
properties of definite integrals outlined above. The procedure can be demonstrated by

using the example given below:

Example:

Using the properties of integrals, the area of the region between two functions
such as y1 = 3x2 - 6x +8 and y2 = -2x2 + 4x + 1 from x = 0 to x = 2 is found in the following

way.

(a) Draw a rough sketch of the graph of the function and shade in the desired area

gl
z
- -ex+8
. = 3%
7 ",
¢
s
!
b1
: 4 I
' g o —2n 4% T
|
o =>

(b) Note the relationship between the curves. Since y1 lies above y», the desired region is
simply the area under y1 minus the area under y> between x = 0 and x = 2. Hence,
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A= f02(39€2 — 6x + 8)dx — foz(—sz + 4x + 1)dx

A=[ E3x2 —6x +8) — (—2x2 + 4x + qu

(Using property (iv) )

A= fOZ(Sx2 —10x + 7)dx

= E x3 - 5x2 + 7x]0
2

=% - 20 +14]-0

_22

3
CONSUMERS’ SURPLUS

A demand function p = f(Q) represents the different prices consumers are willing
to pay for different quantities of a good. If the equilibrium price is P and equilibrium
quantity is Qg, then consumers who would be willing to pay more than Pg benefit. Total
benefit to consumers is called consumers’ surplus. Mathematically,

Consumers’ surplus = fOQE f(@)dQ - QgPg

Example

Given the demand function P =42 - 5Q - Q2. Assuming that the equilibrium price
is 6, the consumer’s surplus is evaluated as follows

atP=6 42-5Q-Q% =6
Q2+5Q-36=0
Q+9)(Q-4)=0
Therefore, Q=-90orQ =4
Since negative quantity is not feasible, we consider Q = 4
Consumers’ Surplus = f04(42 - 5Q- QZ) dQ — 4x6
“[io- 3o Lot
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=[168—40— ﬁ]_24

3

PRODUCERS’ SURPLUS

A supply function Ps = fs (Qs) represents the prices at which different quantities of

a good will be supplied. If the market equilibrium occurs at (Qg, Pg), the producers who

would supply at a lower price than Pg benefit. Total gain to producers is called

producers’” surplus. Mathematically,

Producers’ Surplus = Qg Pk - fOQE fs (Qs)dQs

Example
Given the supply function P = (Q + 3)?, find the producers’ surplus at Pe = 81 and

Q=6
Producers’ Surplus = 6 x 81 - f:(Q +3)2dQ
6
=486-[ (0 + 3)3]0
=486 - [243 — 9]

=486 - 234 = 252
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CHAPTER 6

INTRODUCTION TO DIFFERENTIAL EQUATIONS AND
DIFFERENCE EQUATIONS

Definition and concept of Differential Equations

The theory of differential equations is one of the most fascinating fields of
mathematics and also one of great practical importance. Differential equations play a
fundamental role in Physics, because they can express many of the laws of nature.
Indeed, this is why systematic studies of differential equations were begun by Newton
and Leibniz in the seventeenth century. Differential equations are also used in

economics.

Consider the marginal revenue function MR = Z_i . Here Z—i = f(x). This equation

involves an independent variable x (quantity sold) and derivative of a dependent
variable R w.r.t the independent variable x. This equation is termed as a Differential
equation.

Thus, as the name suggests, differential equation in an equation and unlike the
ordinary algebraic equations, in differential equations.
1. The unknown is a function (often of time), not a number.

2. The equation includes one or more of the derivatives of the function

Examples of differential equation include

dy 7 7 7 —
. =ot+9 y =12yandy”-2y'+19=0

Definition

A differential equation is an equation which express an explicit or implicit
relationship between a function y = f (t) and one or more of its derivatives or differentials

4 7

YV, V7, y™
Symbolically a differential equation may be writtenas F(t, y’, y”, ...... ,y) =0

By integrating both sides of the differential equation, we are able to find the
relation between the dependent variable and the independent variable.
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Example

To solve the differential equation y” (t) = 7 for all the functions y (t) which satisfy
the equation, simply integrate both sides of the equation and find integrals, i.e.,

vy )=[7dt = 7Tt+¢
y(t) =7t +c,)dt=358+c t+c

This is called a general solution which indicates that when ¢ is unspecified, a
differential equation has an infinite number of possible solutions. If ¢ can be specified,
the differential equation has a particular or definite solution which alone of all possible
solution is relevant.

KINDS OF DIFFERENTIAL EQUATION

Ordinary Differential Equation:

An ordinary differential equation is one involving a single independent variable,
for which unknown is a function of only one variable.

For example % = f (x, t) where x = x (t) is the unknown function.

Partial Differential Equation:

For a partial differential equation, the unknown or the dependent variable is a
function of two or more variables, and one or more of the partial derivatives are
included.

] ] . . . . N
For example x — +y— = kz is a partial differential equation in the unknown
dx dy

function z=1z(x,y).

Order of Differential Equation

The order of a differential equation is the order of the highest derivatives in the
equation.

For example

1. % =2 x2 - 3x + 4 is the 1st order differential equation

dZ

d—tf = 3x - 4 is the 2nd order differential equation

2.
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3 Z%/ = 4x + 3 is the 3td order differential equation
7 5
4. (ZZTZ) + (33733’) = 75y is the 3t order differential equation

Degree of Differential Equation

The degree of a differential equation is the highest power to which the derivative
of highest order is raised.

For example

1. % = 2x + 6 is the first degree differential equation
dy 4 2 . . . .
2. (E) — 5t* =0is the fourth degree differential equation

7 5
3. (ZZTZ) + (Z%’) = 75y is the fifth degree differential equation

2 3
4. & >+ (—dy ) = 12x is the first degree differential equation
dx

dx
d3y 4 d?y 6 A s . .
5. (@) + (@) = 4 — y is the fourth degree difference equation

Definition and concepts of Difference Equations

Economists often study the development through time of economic variables like
national income, the interest rate, the money supply, the production of oil and the price
of wheat etc. The focus is not on relating continuous changes of variables, but on discrete
changes. In planning models, for example, the comparison is between the initial base
year and the terminal year and the change in investment over the period is related to
change in time over a period. Both the changes are said to be discrete. The behavior of
these discrete equations that relate such quantities at different times are analysed in
difference equation.

Definition
A difference equation expresses a relationship between a dependent variable and
a lagged independent variable or variables whish changes at discrete intervals of time.
For exempt I = f (y - 1), where I & Y are measured at the end of each year and

thus difference equation relates the independent variable, the dependent variable and its
successive difference.
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Therefore F (t, y¢, Aye, A% yg covooveeenennn ) = 01is a difference equation

The order of Difference Equation

The order of a difference equation is determined by the greatest number of periods
tagged. The first order difference equation expresses a time lag of one period; a second
order difference equation expresses a time lag of two periods and so on. The change iny
as t changes from t to t + 1 is called the first difference of y. It is written as

A
A_Z = Ay = AYey1-Yte

. . d C 1 . .
Where A is an operator replacmgawhlch is used to measure continuous change in

differential equation.

Example
1. I =a (Y1 - Yr.2)—» is a difference equation of order 2
2. Qs=a+bPt-1 —  isa difference equation of order 1
3. V43 -9 yt+2 T 2 Y41 16 y¢ = 8 —» is a difference equation of order 3
4. Ay=5 Vt, that is

Yt+1 = Yt=5Vt
ie.yt+1 =6Vt —» isa difference equation of order 1

Q1

. N’y+ Ay, =y; isequivalent to
Ye+2-2Ye+1 F Ve T Y1 Ve = Vi

Or Vi+2 - Vi1 - Yt =0 — is a difference equation of order 2

Problems

1. Find the order and degree of following differential equations

a) Ly + (d—y)3 =18x

dx3 dx
dy 2
b) ==3x
) dx

ady o d’y 4 _
C) dx3 +x ydx2_4y =0

d) (2—{)4 -5t2 =0
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daz dy\3
e —y+(—y) +x2=0
dt? dt

2. Find the order of the following difference equations
a) Ay.=8
b) Ay;=ay
c) A%y

d) yi+2 tajy1 tagyr=c

Answers

I a) Third order, first degree
b) First order, first degree
¢) Third order, first degree
d) First order, fourth degree

e) Second order, first degree

I a) First order
b) First order
c) Second order

d) Second order

References

1. Edward T Dowling, “Introduction to Mathematical Economics” Third Edition,
Schaum’s Outline series, Mc Graw-Hill International Edition.

2. Knut Sydsacter & Peter ] Hammond, “Mathematics for Economic Analysis”,
Pearson Education.

3. Mehta & Madanani, “Mathematics for Economists”, Sulthan Chand & Sons.

4. Alpha C Chiang & Kevon Wainwright, “Fundamental Methods of Mathematical
Economics”, Fourth Edition, Mc Graw Hill International Edition.

khkhk

Mathematics for Economic Analysis - 11 Page 103



